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dimensional functional time series, where the number of functional variables is compa-
rable to, or even greater than, the number of serially dependent functional observations.
In this paper, we model observed functional time series, which are subject to errors in
the sense that each functional datum arises as the sum of two uncorrelated components,

JEL classification: one dynamic and one white noise. Motivated from the fact that the autocovariance
c13 function of observed functional time series automatically filters out the noise term, we
C32 propose a three-step framework by first performing autocovariance-based dimension
G55 reduction, then formulating a novel autocovariance-based block regularized minimum
Keywords: distance estimation to produce block sparse estimates, and based on which obtaining the

Block regularized minimum distance final functional sparse estimates. We investigate theoretical properties of the proposed
estimation estimators, and illustrate the proposed estimation procedure with the corresponding

Dimension reduction
Functional time series
High-dimensional data
Non-asymptotics

convergence analysis via three sparse high-dimensional functional time series models.
We demonstrate via both simulated and real datasets that our proposed estimators
significantly outperform their competitors.

Crown Copyright © 2023 Published by Elsevier B.V. This is an open access article under the

Sparsity CCBY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Functional time series refers to functional data objects that are observed consecutively over time. Existing research
on functional time series has mainly focused on extending the univariate or low-dimensional multivariate time series
methods to the functional domain. An incomplete list of the relevant references includes Bosq (2000), Bathia et al.
(2010), Hérmann and Kokoszka (2010), Panaretos and Tavakoli (2013), Aue et al. (2015), Hérmann et al. (2015), Li et al.
(2020) and Chen et al. (2022). The rapid development of data collection technology has made high-dimensional functional
time series datasets increasingly common. Examples include hourly measured concentrations of various pollutants such
as PM10 trajectories (Hérmann et al., 2015) collected at different measuring stations, daily electricity load curves (Cho
et al., 2013) for a large number of households, cumulative intraday return trajectories (Horvath et al., 2014), daily return
density curves (Bathia et al.,, 2010) and functional volatility processes (Miiller et al., 2011) for a collection of stocks.
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We consider in this paper a setting for modelling high-dimensional functional time series as follows. Let W () =
{(Wer(+), ..., Wy()}T, t = 1,...,n, be the observed p-vector of functional time series defined on a compact interval u,
where the dimension p is large in relation to n, and p may be greater than n. Suppose that W,(-) is subject to an error:

Wi(-) = Xe(-) + (), (1)

where X(-) = {Xu1(+), ..., Xip(-)}" is a functional time series of interest, e;(-) = {e;1(:), ..., ep(-)}" is white noise in the
sense (3) below, and {X;(-)}{_; and {e(-)}{_; are uncorrelated. Note that both X;(-) and e(-) are latent. We assume that
both W;(-) and X,(-) are weakly stationary, and E{W,(u)} = 0 for any u € ¢. For any integer h and u, v € U, put

20 (u, v) = Cov{W_p(u), We(v)}, X} (u, v) = Covi{X,_n(u), Xc(v)}, Xj(u, v) = Covie._n(u), e(v)}. (2)
We call e;(-) a white noise if
E{e/(u)} =0and Xj(u,v)=0forany u,v et/ and h #0. (3)

Furthermore, we assume that a'X;(-) is not white noise for any non-zero constant vector a € RP. Under this setting,
the linear dynamic structure of W;(-) is entirely determined by that of X;(-), and all white noise elements in W,(-) are
absorbed into e.(-). The presence of e;(-) reflects that signal curves X;(-) are seldom completely observed. Instead, they
are often only measured, with errors, on a grid. These noisy discrete data are smoothed to yield ‘observed’ curves W,(-).
See Bathia et al. (2010) for the univariate version of model (1). When W(-), ..., W,,(-) are univariate and independent,
Hall and Vial (2006) considered the same model under a ‘low noise’ setting assuming that e.(-) goes to 0 as n grows to
o¢. To separate X;(-) from e(-), e.g., via the covariance function, even in the univariate case, some special structures were
imposed; see, e.g., diagonal X' of Yao et al. (2005) and banded X§ of Descary and Panaretos (2019). In contrast, we do
not impose any structures on X'§ in this paper, and our estimation filters out the impact of e(-) automatically.

The standard estimation procedures for univariate functional time series models usually consist of three steps (Aue
et al., 2015). Dimension-reduction is performed first via, e.g., functional principal components analysis (FPCA). Each
observed curve is then approximated by a finite truncation. This effectively transforms functional time series into a vector
time series of FPC scores. In the second step the estimation of the function-valued parameters in the model is transformed
to that of some appropriate parameter vectors/matrices based on estimated FPC scores. Finally the estimated principal
component functions are utilized to obtain function-valued estimates based on the estimated parameter vectors/matrices.
To overcome the difficulties caused by high-dimensionality (i.e. large p in relation to n), some functional sparsity
assumptions are imposed, which results in the estimation under block sparsity constraints in the second step in the
sense that variables belonging to the same block (or group) are simultaneously included or excluded. In regression
setups, the group-lasso penalized least squares estimation (Yuan and Lin, 2006) is often adopted in the second step to
obtain block sparse estimates. Similar three-step procedures have been developed to estimate sparse high-dimensional
functional models, see, e.g., vector functional autoregression (VFAR) (Guo and Qiao, 2023), scalar-on-function linear
additive regression (SFLR) (Fan et al., 2015; Kong et al., 2016; Xue and Yao, 2021; Fang et al., 2022) and function-on-
function linear additive regression (FFLR) (Fan et al., 2014; Luo and Qi, 2017; Fang et al., 2022). However, those estimation
procedures are developed under an assumption that signal curves are observed directly.

In our setting the observed curves W,(-) are subject to the error contamination as in model (1). Both FPCA and penalized

o . . LW . . .
least squares estimation based on the estimated covariance function X', of W,(-) are inappropriate since Y= Eé +37

and, hence, E;V is no longer a consistent estimator for X'. Motivated from the fact that X}/ = X¥ for any h # 0, which
automatically removes the impact from the noise e;(-) and ensures that the estimator for Z‘,‘;V is also legitimate for Z‘if ,
we propose an autocovariance-based three-step learning procedure. Differing from FPCA based on the Karhunen-Loéve
expansion, our first dimension reduction step is formulated under an alternative data-driven basis expansion of each
Xii(-) based on the eigenanalysis of a positive-definite operator defined in terms of the autocovariance functions of Wy(-).
Different from the penalized least squares estimation, our second step makes use of the autocovariance of basis coefficients
to construct high-dimensional moment equations and then applies the proposed block regularized method to estimate
the associated block sparse parameter vectors/matrices. Our third step re-transforms block sparse estimates to functional
sparse estimates via estimated basis functions obtained in the first step.

Our theoretical development stands at the intersection between high-dimensional statistics and functional time
series, facing several challenges due to non-asymptotics and infinite-dimensionality with serial dependence. Firstly, in
the proposed second step we deal with the estimated basis coefficients to produce block sparse estimates whereas
the conventional sparse estimation is applied directly to observed data. Accounting for such approximation is a major
undertaking. Secondly, under a high-dimensional and dependent setting, it is essential to develop non-asymptotic error
bounds on the relevant estimated terms as a function of n, p and the truncated dimension, and to assess how the serial
dependence affects non-asymptotic results. Thirdly, compared to non-functional data, the infinite-dimensional nature
of functional data leads to the additional theoretical complexity that arises from specifying the block structure and
controlling bias terms formed by truncation errors from the dimension reduction step.

The main contribution of our paper is three-fold.

1. Our autocovariance-based learning framework can address the error contamination model (1) in the presence of
infinite-dimensional signal curve dynamics with the addition of ‘genuinely functional’ noise. It makes the good use
of the serial correlation information, which is the most relevant in the context of time series modelling.

2



J. Chang, C. Chen, X. Qiao et al. Journal of Econometrics 239 (2024) 105385

2. To provide theoretical guarantees for the first and the third steps and to verify imposed high-level regularity
conditions in the second step, we establish useful non-asymptotic error bounds on the relevant estimated terms
under the autocovariance-based dimension reduction framework.

3. We utilize the autocovariance among basis coefficients to construct high-dimensional moment equations with
partitioned group structure, based on which we formulate the second step in a novel block regularized minimum
distance (RMD) estimation framework to produce block sparse estimates. The group information can be explicitly
encoded in a convex optimization targeting at minimizing the block £; norm objective function subject to the
block ¢, norm constraint. To theoretically support the second step, we investigate convergence properties of the
block RMD estimator. Besides being useful in the second step, the block RMD estimation framework itself is of
independent interest and can be applied more broadly.

Our paper is set out as follows. In Section 2, we present Step 1, i.e. the autocovariance-based dimension reduction
technique. We also establish some essential deviation bounds on the relevant estimated terms. In Section 3, we first use
an example to illustrate the construction of high-dimensional moment equations. We then formulate a general block
RMD estimation method (i.e. Step 2) and investigate its theoretical properties. In Section 4, we illustrate the proposed
three-step framework using three examples of sparse high-dimensional functional time series models, i.e. SFLR, FFLR and
VFAR. Theoretically, we study convergence rates of the associated estimators in these models. In Section 5, we examine
the finite-sample performance of the proposed estimators through both simulations and an analysis of a real financial
dataset. All technical proofs are relegated to the Appendix.

Notation. For a positive integer g, we write [q] = {1, ..., q}. Let L,(i/) be a Hilbert space of square-integrable functions
on a compact interval ¢. The inner product of f,g € L,(/) is defined as (f,g) = fuf(u)g(u)du. For a Hilbert space
H C L), we denote the p-fold Cartesian product by HP = H x --- x H and the tensor product by S = H ® H.
For any f = (ﬂ,.. Jp)" and g = (g1,...,8)" in HP, we define (f,g) = > 7, (fi,g). We use |f| = (f )/ and

Ifllo = Z I(]Ifill # 0) with I(-) being the indicator function to denote functional versions of induced norm and
£o-norm, respectlvely For an integral operator K : ]HIP — HY induced from the kernel function K = (Kjj)¢xp with
each K; € S, K(f)( {Zf K, ) fiCDs s D (Kgi(u, ), f()}T € HY for any £ = (fi,....f,)" € HP. For

notational economy, we w1ll also use K to denote both the 1<ernel and the operator. We define functional versions of
Frobenius and matrix £x-norms by [[K|lr = (37, Y7, [K;[1%)"/? and [[K|leo = maXiciq Y_j; [IKjlls, respectively, where
IKils = {/,, [, I<2(u v)dudv}'/? denotes the Hllbert Schmidt norm of Kj. For any real matrix B = (bj)gxp, We write
1/2 . .
IBllmax = MaXiciqpjerp) byl and use [Blle = (-, Y7, [by|*)"/? and |B]; = AnZ(BTB) to denote its Frobenius norm
and ¢,-norm, respectively. For two sequences of positive numbers {a,} and {b,}, we write a, < b, or b, > an if there

~

exists a positive constant c¢ such that limsup,_, ., a,/b, < c. We write a, =< b, if and only if a, < b, and b < a, hold
simultaneously.

2. Autocovariance-based dimension reduction
2.1. Methodology

Our Step 1 is to approximate each curve X;(-) by a finite linear combination: we expand curve Xj(-) using the
data-driven orthonormal basis functions {;(-)}[2,, and truncate the expansion to the first d; terms:

Xii(-) Zmﬂwﬂ ~ i), Jjelpl. (4)

=1

where ng = Xy, ¥j), g = (g1 - -5 Mga,)" € RY% and ¥i(-) = {¥j(), ..., ¥jq,(-)} . Different from the conventional
Karhunen-Loéve expansion, the elgenvalues Ajt = Ajp > --- > 0 and the corresponding eigenfunctions ¥;i(-), ¥j(-), . ..
are taken from the spectral decomposition of an operator defined as

L
Ki(w, 0) =3 f =¥, 2) 5 (v, 2)dz. (5)
h=1"U

where L > 0 is some prescribed fixed integer, and Zh U(u v) denotes the (i, j)th element of Ex(u v) in (2). Also denote

by Zh i and Ehl the (i, j)th element of, respectively, Z’h and X}. The idea of using non-zero lagged autocovariances was
initiated by Bathla et al. (2010). A direct consequence is the 1der1t1ty

Kji(u, v) = 2/ iu, 2) %) (v, 2) dz
h=1 "YU

since Elfﬁ(u, z) = Z%Y(u, z) for all (u,z) € u? and h # 0. This paves the way to estimate Kj;, and therefore also ¥;(-),
directly based on observations Wiy;(-), ..., Wy;(-). The impact of the noise terms e;(-) is filtered out automatically. It is
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worth noting that we choose not to use autocovariance functions EW] directly in defmmg Kj; as they are not nonnegative
definite. The definition of Kj; in (5) ensures that it is nonnegative definite, and there is no cancellation of the information
accumulated from lags 1 to L. Hence the estimation is not sensitive to the choice of L. In practice, we choose small L such
as 1 < L <5, as the most significant autocorrelations typically occur at small lags.

In the standard Karhunen-Loéve expansion, {y;(-)}72; is deduced from the spectral decomposition of Eé‘ i Since
X w
2 JJ( v)= 20, Ji 0.jj
some strong assumptions have to be imposed to eliminate the impact of X¢ ”(u v) in order to obtain consistent estimates
for ;(-). For example, Hall and Vial (2006) assumes that Wy;(-), ..., Wy(- ) are independent and the noise e;(-) goes to 0
as n grows to co. Note that the dimension reduction via FPCA can also be performed based on the spectral decomposition
of Z}% instead of ZO j» s any basis could be used for expanding the data. However, because of X 0 it DN i using
ZW may require a larger truncated dimension to capture the sufficient signal information, leadmg to reduced statistical
efF iciency. It is also worth mentlonmg that the penalized least squares approach adopted in the covariance-based second
step is based on E (u,v) = 0]k(u v) — X¢ jk(u v) and hence is inappropriate under model (1).

With the avallabll observations {W(:)}tc[s, @ natural estimator for Kj; in (5) is defined as

(u,v) — X¢ (u, v),

L
Kij(u, v) = Z/ Siu, )2 (v, 2)dz
h=1 u

. P (6)
= mn_Ip DD WemWsny(v)(Wy, W),
h=1 t,s=h+1
where
n
W 1 =~
W v)=—— > W nWe(v)" = (S, v)ljkepr . (W v) €U’ h>0. (7)
t=h+1

Performing the spectral decomposition

Kj(u, v) Zwﬂ u)i(v), 8)
=1
where ijl > )A»jz > ... > 0 are the eigenvalues, and 12/,1( ), \2/]2( ), ... are the corresponding eigenfunctions

Let E{n,_nyn,} = {o Jk,m}le[djj meld,) With its estimator (n — h)~ Zt et Mee— hy’hk {6 jklm}ldd]] meld, for j, k € [p] and
h > 0, where ﬁtj (Mg1s - - - m]d )". Our proposed autocovarlance based Step 2 and Step 3 explicitly rely on the sample

autocovariance among estimated basis coefficients, { ],dm 2 j.k e [pl.l € [dj],m € [d¢], h € [L]}, and the estimated

basis functions {1//1‘!(') :j € [pl, 1 € [dj]}, respectively. See details in Sections 3.1 and 4. Their convergence properties in
elementwise £.,-norm under high-dimensional scaling are investigated in Section 2.2 below.

2.2. Rates in elementwise {.,-norm

To characterize the effect of serial dependence on the relevant estimated terms, we will use the functional stability
measure of {W;(-)};cz (Guo and Qiao, 2023).

Condition 1. For {W(-)};cz, the spectral density operator £ = (27)7'3Y",_, Z}Ve ™" for 6 € [—m, n] exists and the
functional stability measure defined in (9) is finite, i.e.

& V(P
MY =21 . esssup <97W()>
96[—71,71].45611413 <¢7 Z‘() (Q»

where H) = {® € HP : (&, X}/ (®)) € (0, 00)}.

The quantity M"Y in (9) is expressed proportional to functional Rayleigh quotients of fg" relative to EQ’ . Hence it
can more precisely capture the effect of small decaying eigenvalues of Z‘E’ on the numerator in (9), which is essential
to handle truly infinite-dimensional functional objects {W(-)}. We next define the functional stability measure of all
k-dimensional subsets of {W;(-)};ez, i.e. {(Wy(-) : j € J)T}tez for J C [p] with cardinality |J| < k, by

& V(P
MY =2m- esssup %
bel—n 71, Blo<k, derl (P, g (D))

Under Condition 1, it is easy to verify that M} < M"Y < oo
Our non-asymptotic results are developed using the infinite-dimensional analog of Hanson-Wright inequality (Rudel-
son and Vershynin, 2013) in a general Hilbert space H, for which we need to impose the sub-Gaussian condition.

o0, (9)

, kelpl. (10)
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Definition 1. Let Z,(-) be a mean zero random variable in H for any fixed t and X : H - H be a covariance operator.
Then Z(-) is a sub-Gaussian process if there exists a constant ¢ > 0 such that E(e®?)) < e¢”®200))/2 for all x € H.

Condition 2. (i) {W,(-)};cz is a sequence of multivariate functional linear processes with sub-Gaussian errors, namely
sub-Gaussian functional linear processes, W(-) = Zf:oo Bi(e;—;) for any t € Z, where B; = (Byjx)pxp With each Bjj € S,
&) = {en(-), ..., ep(-)}7 € HP and the components in {&(-)};cz are independent sub-Gaussian processes satisfying
Definition 1; (ii) The coefficient functions satisfy Zfio IBilloc = O(1); (iii) wj = mMax;e(p fu 25.]‘]‘(”’ u)du = O(1), where
2o jilu, u) = Covieg(u), eg(u)}.

The multivariate functional linear process can be seen as the generalization of functional linear process (Bosq, 2000)
to the multivariate setting and also the extension of multivariate linear process (Hamilton, 1994) to the functional
domain. Condition 2(ii) ensures the stationarity of {W;(-)};cz and, together with Condition 2(iii), implies that a)g’ =
maX;jep fu 2(%(u, u)du = 0O(1) (see Lemma 5 in Appendix B), which is essential in deriving non-asymptotic results.
The sub-Gaussian condition is imposed on the functional process to facilitate the use of Hanson-Wright-type inequality
in our non-asymptotic analysis. We believe that a Nagaev-type concentration bound can be established to accommodate
functional linear process with functional errors under a weaker finite polynomial moments condition. It is also interesting
to develop non-asymptotic results for more general non-Gaussian functional time series under other commonly adopted
dependence framework.

Condition 3. (i) For each j € [p], Ajy > A > --- > 0, and there exist some constants ¢ > 0 and & > 1 such that
Ajl = Ajgn) = col™®~! for any I > 1; (ii) For each j € [p], the linear space spanned by {vi(-)}2; (i.e. eigenfunctions of Eéjj)
is the same as that spanned by {vy;i(:)}2;.

Condition 3(i) controls the lower bound of eigengaps with larger values of « yielding tighter gaps between adjacent
eigenvalues. See similar conditions in Hall and Horowitz (2007) and Kong et al. (2016). To simplify notation, we assume
the same « across j, but this condition can be relaxed by allowing « to depend on j and our theoretical results can be
generalized accordingly. o

We next establish the deviation bounds on estimated eigenpairs, {A;;, ¥;(-)}, and the sample autocovariance among
estimated basis coefficients, {c?j(,<'}2n}, in elementwise £,.-norm.

Theorem 1. Let Conditions 1-3 hold, and d be a positive integer possibly depending on (n, p). For n 2 logp, there exist some
positive constants ¢, and c, independent of (n, p, d) such that

] < 222 (an

max {liﬂ —Ajll + | ————
holds with probability greater than 1 — c;p~2, where M‘{V is defined in (10).

Jjelpl.leld]

Iot+1

Theorem 2. Let conditions in Theorem 1 hold and h > 1 be fixed. For n > d***2(MY ) log p, there exist some positive constants
c3 and c4 independent of (n, p, d) such that

16t — T [logp
max —Qm m 5/\/1‘1” —or (12)
jkelpl.Lmeld (Iv m)*t1 n

holds with probability greater than 1 — c3p™“4, where M‘{V is defined in (10).

Remark 1. (i) The parameter d in Theorems 1 and 2 can be understood as the truncated dimension of infinite-dimensional
functional objects under the expansion in (4). In general, d can depend on j, say d;, then the maximums in (11) and (12)
are taken over j, k € [p], | € [d;], m € [d] and the corresponding right-sides remain the same.

(ii) Compared with the normalized deviation bounds under FPCA framework established in Guo and Qiao (2023), we
obtain slower rates in (11) and (12) for decaying eigenvalues. Note that {v;(-)}2, provides the unique basis with respect
to which X(-) can be expressed as Karhunen-Loéve expansion with uncorrelated coefficients. It gives the most rapidly
convergent representation of X;(-) in the L, sense. By comparison, the expansion of X;(-) through {y;(-)}72; in (4) results
in a suboptimal convergent representation with correlated coefficients. From a theoretical viewpoint, whether the rates
in (11) and (12) are minimax optimal is of interest and requires further investigation.

3. Block RMD estimation framework

Resulting from Step 1, the estimation of sparse function-valued parameters is transformed to the block sparse
estimation of parameter vectors/matrices in Step 2. To identify these parameters, we choose {fj,_py : h € [L],k € [p]}
as the vector-valued instrumental variables and construct autocovariance-based moment equations, which is illustrated
using an example of SFLR in Section 3.1. We then formulate a general block RMD estimation method in Section 3.2 and
study its theoretical properties in Section 3.3.
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3.1. An illustrative example

We illustrate via the high-dimensional SFLR:
p
fo= o [ Xwpstudu e tetm, (13
=174

where {X;(:)}tern) jerp) Satisfy model (1), {gt}¢em) are ii.d. and mean-zero random errors, and {X;(-)} and {e;} are indepen-
dent. Given observations {(W;(-), Y;)}ten), our goal is to estimate p functional coefficients By(-) = {Bo1(-), - - ., Bop(:)} . To
guarantee a feasible solution under high-dimensional scaling, we assume that f(-) is functional s-sparse, i.e. s components
in By(-) are nonzero with s < p.

Resulting from the truncated expansion of X;(-) via (4) in Step 1, (13) can be rewritten as

p
Yy = Z";b0j+rt + &,
j=1

where by = fu ¥i(w)Boi(u)du € R% and r; = };1 ijdj +1 M4t{¥t, Boj) s the truncation error. Given some prescribed
positive integer L, in Step 2, we choose {5;_py : h € [L],k € [p]} as the vector-valued instrumental variables. Then

P .
by = (bgy, ..., by,)" € RZ=1% can be identified by the following moment equations:

E{ne_pyee} = Bm(bo) +Rpe =0, k € [p], h €[L], (14)
where gp(bo) = E{n_pyYe} — th":] E{n_pin;boj} and the bias term Rue = —E{f_pyTt}-
~ P .
With {ﬁtj}te[n]vje[p] and {¥;(-)}jerp) obtained in Step 1, forany b = (b, ..., b])" € RZ=1% we define

1 . .
&ne(b) = Z Ve = —— D D Ae-nidighy, ke lpl, helll, (15)
t h+1 t=h+1 j=1
which provides the empirical version of gp(b) = E{n_py Yt} — Zf:l E{n(c_nyy b]} Applying the block RMD estimation
introduced in Section 3.2 below results in a block sparse estimator b= (fﬁ, . bT) .

3.2. A general estimation procedure

In this section, we present the proposed Step 2 in a general block RMD estimation framework. Note that Step 2
considers the block sparse estimation of some matrix-valued parameters, 8, = (00], .. 0T )€ RZJ 14jxd with each
0o € R%¥4. For SFLR with a scalar response, d = 1. Given some prescribed positive integer L and q = pL target moment
functions 6 — g;(#) mapping 0 € RZJP:I 44 o gi(0) R4 with | = (h—=1)p+kand k € [p] for h € [L], where both p
and q are large, we assume that 6y can be identified by the following moment equations:

gi(0o) +Ri =0, iclq], (16)

where R;’s are formed by autocovariance-based truncation errors due to finite approximations in Step 1. We are interested
in estimating the block sparse 6, based on empirical mappings 6 — g;(0) of 8 — g;(0) for i € [q]. See Sections 4 and 3.1
for detailed expressions of g;(-) and g;(-) in some exemplified models.

It follows from (16) that

8i(60) ~ 0, ielql. (17)
Based on (17), we define the block RMD estimator 6= (9? cees 0 )7 e ]RZJ 194 35 3 solution to the following convex
optimization problem:

. p

6 =argmin > 16 subject to max|&(®)le < i (18)

0
j=1

where y; > 0 is a regularization parameter. The group information is encoded in the objective function, which forces the
elements of ; to either all be zero or nonzero, thus producing the block sparsity in 6. It is worth noting that, without
the bias terms R;’s in (16), our proposed block RMD estimation framework can be seen as a blockwise generalization of
the RMD estimation (Belloni et al., 2018) by replacing | - | by || - ||r. To solve the large-scale convex optimization problem
n (18), we use the R package CVXR (Fu et al., 2020), which is easy to implement and converges fast. In Sections 4.1-4.3,
we will illustrate our proposed autocovariance-based block RMD estimation framework using examples of SFLR, FFLR and
VFAR, respectively.



J. Chang, C. Chen, X. Qiao et al. Journal of Econometrics 239 (2024) 105385
3.3. Theoretical properties

For a block matrix B = (B,]),E[N]UE[NZ] € RMmxNamz with the (i, j)th block B; € R™*™, we write |B{mLm2)
MAaXie[N, |je[N, ] IBjjllr, and ||BJI (mi.ma) 25\21 IIB;|lr when N; = 1. To simplify notation in this section and theoretical
analysis in Section 4, we assume the same truncated dimension d; = d across j € [p], but our theoretical results can be
extended naturally to the more general setting where d;’s are different.

Let g(6) = {g1(0)".....g(0)"}" and R=(R],....R])" € R%*“. We focus on the case of which the moment function

0 — g(f) mapping from RPAxd g R49xd s Jinear with respect to # in the form of g(f) = G# + g(0) for some G e RI4*P4,
This together with (16) implies that

GOy +g(0)+R=0, (19)

the form of which can be easily verified for, e.g., SFLR, FFLR and VFAR models considered in Section 4. Now we reformulate
the optimization task in (18) as

|(d,a)

6 = arg min||0)| 1" subject to ||§(0)||(d”3) < Y, (20)
0

max —
where g(0) = GO + 8(0) is the empirical version of g(@). It is worth noting that 6, is block s-sparse with support
S=1{jelpl: ll0gllr # 0} and its cardinality s = |S].

Before presenting properties of the block RMD estimator 6, we impose some high-level regularity conditions.

Condition 4. (i) There exist €,1, 8,1 > 0 such that ||G cn,;’;i) V 1g(0) — g(0 )||max < €n1 with probability at least 1 — §,1;

(ii) There exists €; > 0 such that ||R||(md;,i( < €y; (iii) There exists 8,; > 0 such that ||g(00)||(mdax) < y, with probability at

least 1 — 8,5.

Conditions 4(i) and 4(ii) together ensure that the empirical moment functions are nicely concentrated around the
target moment functions. Using our derived non-asymptotic results in Section 2.2, we can easily specify the concentration
bounds in Condition 4(i) for SFLR, FFLR and VFAR. With further imposed smoothness conditions on coefficient functions,
Condition 4(ii) can also be verified. Condition 4(iii) indicates that 6 is feasible in the optimization problem (20) with
high probability, in which case a solution 0 of (20) exists and satisfies ||9||(1d’d) < ||00||(1d’d). The non-block version of such
property typically plays a crucial role to tackle high-dimensional models in the literature.

Let § = 0 — 0y. We define a block ¢;-sensitivity coefficient

c(80) = ot IG8 e

' @d) ’ (21)
' ‘— secr: 18140 18115

where C; = {5 € R4 ¢ 1187 |@D < 18, “D) for T < [p]. Provided that 8 = #—6, € Cs under Condition 4(iii) as justified
in Lemma 1 in Appendix B, the lower bound of «(6y) is useful to establish the error bound for ||3||(]d’d). See also Gautier and
Rose (2019) for non-block £4-sensitivity quantities to handle high-dimensional instruments. We then need Condition 5
below to determine such lower bound. Note that G can be divided into q x p blocks of the size d x d. Let Gy v be the
submatrix of G consisting of all the (j, k)-blocks with j € ] C [q] and k € M C [p]. For an integer m > s, let

Omin(M, G) = Min Max omin(Gy m) and omax(m, G) = max max amax(GJM)
[M|=m |J|<=m [Ml=m |J|=

where oymin(Gy,m) and omax(Gy M) are the smallest and largest singular values of Gj y.

Condition 5. There exist universal constants ¢s > 0 and p > 0 such that oyax(m, G) > ¢5 and opmin(M, G)/omax(m, G) >
for m = 16s/u>.

In Condition 5, the quantity p serves as a key factor to determine the lower bound of «(6y), which is justified in
Lemma 4 in Appendix B. When p is bounded away from zero, we have a strongly-identified model. When © — 0, it
corresponds to the scenario with weak instruments. See also Belloni et al. (2018) for similar conditions.

Theorem 3. Let Conditions 4-5 hold. If ||00||(1d’d) < K for some K > 0 and the regularization parameter v, < (K 4 1)eq1 + €3,
then with probability at least 1 — (8,1 + 8n2), the block RMD estimator 6 satisfies

1 — 001" < s 2K + Dems + €} (22)

Remark 2. (i) The error bound in (22) has the familiar variance-bias tradeoff as commonly considered in nonparametric
statistics, suggesting us to carefully select the truncated dimension d so as to balance the variance and bias terms for the
optimal estimation.
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(ii) With commonly imposed smoothness conditions on functional coefficients, it is easy to verify that K v €; = o(s)
for SFLR, FFLR and VFAR in Section 4.

(iii) For three examples we consider, G is formed by { :j,k € [pl,,m € [d],h € [L]} with the components

jklm
(

Tl satisfying [ofn | < [E{r2 i 1VHEMZ)? = A/ Ag — 0as I, m — oo. Consider a general cross-covariance
matrix G = E(xy') € quxl’d with entries decaying to zero as d — oo, where X = (X1, ..., Xqq)" with E(x) = 0 and
y =1, ..., Ypa)" with E(y) = 0, it is more sensible to impose Condition 5 on its normalized version G = D,GD, instead

of G itself, where D, = diag[{Var(x;)}~V2, ..., {Var(x,)}~"/?] and D, = diag[{Var(y1)}~ 2, ..., {Var(ypq)}~/2]. For three
exemplified models, D, and D, are formed by {}\]71/2 :jelpl,l € [d]}.

Remark 2(iii) motivates us to present the following proposition that will be used in the theoretical analysis of associated
estimators for SFLR, FFLR and VFAR in Section 4.

Proposition 1. Suppose that all conditions in Theorem 3 hold except that Condition 5 holds for G, then with probability at least
1 — (841 + 8n2), the block RMD estimator 6 satisfies

10 — 061" < 5272 Dy llmax Dy llmax {(K + 1)ens + €2} . (23)
4. Applications

In this section, we illustrate the proposed estimation procedures with the three concrete models, namely SFLR, FFLR
and VFAR.

4.1. High-dimensional SFLR

Consider the high-dimensional SFLR in (13), we first perform autocovariance-based dimension reduction on {W(-)}¢cn
for each j € [p]. According to Section 3.1 and following the optimization framework in (18), we then develop the block
RMD estimator b as a solution to the constrained optimization problem:

p
b = arg min bi||, subjectto max [|€u(D)|> < Vn,
gr ; Ibyll2 subject to max [ &w(®)l> < vu
where ¥, > 0 is a regularization parameter and gy (b) is defined in (15). Given that the recovery of functional sparsity in
Bo(+) is equivalent to estimating the block sparsity in b, in Step 3, we estimate functional sparse coefficients by

Bi(-)=9;(-)b;, jelpl. (24)

We next present the convergence analysis of {Bj(-)}je[p]. To simplify the notation, we assume the same truncated
dimension d; = d across j € [p]. We rewrite (14) in the form of (19), where g = (&1}, .-, &1y -+ 81> - &)
R = (R]Tl,.. RIP,.. JRf, ..., R})T and G = (Gj) € RPMP? whose (i, j)th block is Gy = E{n_nyn) € RI*4 with

i=(h—1)p+kandk e [p] for h € [L]. Applying Theorem 2 and Proposition 3 in Appendix A on G and g(0), respectively,
we can verify Condition 4(i) with the choice of €,; =< My yd®**?(n~'logp)'/2, where My y is defined in the same manner
as My z specified in Proposition 3 with selecting Z; = Y;. Before presenting the main theorem, we list the regularity
conditions below.

Condition 6. (i) For each j € S = {j € [p] : || Bojll # O}, Boi() = Zf:o] apyr(-) and there exists some positive constant
T > a + 1/2 such that |ay| <177 for I > 1; (ii) Let G = (G;) be the normalized version of G = (G;;) by replacing each G;
by G,J = E{Dy1— h)kntj ;},i=(h—1)p+k k e[p] for h e [L] and j € [p], where D; = dlag( 1/2, ey k;/z) There exist
universal constants ¢ > 0 and u > 0 such that opax(m, G) > ¢g and opin(m, G)/omax(m G) > w for m = 16s/u2.

Condition 6(i) restricts each component in {Bg(-) : j € S} based on its expansion through basis {1;(-)}12,. The parameter
t determines the decay rate of basis coefficients and hence controls the level of smoothness with large values yielding
smoother functions in {By(-) : j € S}. See similar conditions in Hall and Horowitz (2007) and Kong et al. (2016). Noting
that components of G decay to zero as d grows to infinity, we impose Condition 6(ii) on G, which can be viewed as the
normalized counterpart of Condition 5 for SFLR. . . .

Applying Proposition 1 and Theorem 1 yields the convergence rate of the SFLR estimate B(-) = {B1(-), ..., Bp(-)} " under
functional £; norm in the following theorem.

Theorem 4. Suppose that Conditions 1-3, 6 and 9(ii) in Appendix A hold, and {Yt}te[n] is sub-Gaussian linear process. Let the
regularization parameter y, < s{d**> My y(n"'logp)'/> + d~"*V/?}, where My y is defined in the same manner as My ;
specified in Proposition 3 in Appendix A with selecting Z, = Y,. Then the estimate ﬂ( -) satisfies

p
N 1
> 1B — ol = op{u—zs2 (dZ““MW,Y,/ £ d“”““)} . (25)
j=1

8
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Remark 3. (i) The rate of convergence in (25) is governed by both dimensionality parameters (n, p,s) and internal
parameters (My v, d, «, T, ). Typically, the rate is better when t, i are large and My y, o are small. To balance
the variance and bias terms in (25) for the optimal estimation, we can choose the optimal truncated dimension d =<
(Ma/ Yn—l ]ng)—l/(2r+2a+3)'

(ii) Note that our convergence analysis relies on (12) rather than the normalized deviation bounds in Guo and Qiao
(2023), the rate in (25) is slightly slower than that in Fang et al. (2022) by a multiplicative factor d*/2. For univariate
functional linear regression, we similarly observe a slower rate for the autocovariance-based generalized methods-of-
moments estimator (Chen et al., 2022) compared to the covariance-based least squares estimator (Hall and Horowitz,
2007).

4.2. High-dimensional FFLR

Consider high-dimensional FFLR in the form of
p
= Z/ X(u)Boj(u, v)du +&(v), te[n],veV, (26)
=174

where {X;(-)}¢en satisfy model (1) and are independent of i.i.d. mean-zero functional errors {&:(-)}¢cfn;, and {Bo;(-, -)}jerpl
are functional coefficients to be estimated. With observed data {(W;(u), Y:(v)) : (u,v) € U x V,t € [n]}, we target to
estimate By = {Boi1(-, -), - .., Bop(*, -)}" under a functional sparsity constraint when p is large. Specifically, we assume S,
is functional s-sparse with support S = {j € [p] : || Bojlls # 0} and cardinality s = |S| < p.

Provided that each observed Y;(-) is decomposed into the sum of dynamic and white noise components in (26), we
approximate Y¢(-) under the Karhunen-Loéve expansion truncated at d, i.e. Y(-) = ¢/ @(-), where &, = (&1, ..., ¢3)"
and ¢(-) = {¢1(-), ..., ¢3(-)}7. Note that we can relax the independence assumption for {¢()}¢c(n; and model observed
responses via f(t(-) =Y () + eg'(~), where Y;(-) and ef(-) correspond to the dynamic signal and white noise elements,
respectively. Then Y;(-) can be approximated under the autocovariance-based expansion in the sense of (4) and our
subsequent analysis still follow.

For each j € [p], we expand X;(-) according to (4) truncated at d;. Some specific calculations lead to the representation
of (26) as

p
&= njBy+r +e . (27)

j=1
where By; = fZ/{xV ¥i(u)Boi(u, v)¢(v)" dudv € ]Rdfxa, and 1y = (1, ..., 1) € RY s the truncation error with each Ttm =

~ P dixd
J":l Zfide (Yt Boj)> ¢m) for m € [d]. Let B = (Bg,, ..., Bg,)" € RZi=1%*4 We choose {(We—ny - h € [L]. k € [p]} as
the vector-valued instrumental variables, which are assumed to be uncorrelated with the random error &; in (27). Within
the framework of (16), we assume that By is the unique solution to the following moment equations:

0 = E{n_npe} = 8u(Bo) + Rux, he[L], k€ [p], (28)
where i (Bo) = E{n_ny&/} — iy E{n_nycBoj} and Ru = —E{n,_pyr/ ).

Given the recovery equivalence between functional sparsity in 8, and the block sparsity in By, we aim to estimate the
block sparse matrix By using the empirical versions B — &y (B) for h € [L] and k € [p],

1T . .
gn(B) = h Z e h)k “h_h Z Z”(t—h)k":jBf’

t=h+1 t=h+1 j=1
where 2[ = (Etl, cee gct(;,)T with ;:rm =(Y;, qAﬁm) for m € [d] and {f1j} ey jerp) are obtained in Step 1. In Step 2, according to
(18), we formulate the block RMD estimator B by solving the convex optimization problem below:

P
B = arg min Bi||r subjectto max ||€uxB)lr < vu,
el ; IByllr subject to max (Bl < v
where y,, > 0 is a regularization parameter. In Step 3, we estimate the coefficient functions by

ﬂ]u v)—nﬁ] )TB] v), (u,v)euU xVv,jelpl, (29)

where {¢/;(t)}jerp) and ¢(v) = {$1(v), ..., $3(v)}T are obtained in Step 1.

In the following, we investigate the convergence property of {Bj(-, jerpr in (29). To simplify the notation, we assume
the same truncated dimension d; = d across j € [p]. We first rewrite (28) in the form of (19) and apply Theorem 2 and
Proposition 2 in Appendix A on G and g(0) to verify Condition 4(i) with the choice of €,; < My yd*V¥*2(n"1logp)"/?,
where My y is specified in Proposition 2. In a similar fashion to «, the parameter & as specified in Condition 10 in

9
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Appendix A determines the tightness of eigengaps of the covariance function of {Y;(-)}. We then impose the following
smoothness condition on nonzero coefficient functions.

Condition 7. For eachj € S, Boi(u, v) Zl me1 QGiim¥ji(4)pm(v) and there exists some positive constant T > o vV & + 1/2
such that |@jy,| < (I+m)~""V2 for I, m > 1.

We are now ready to present the convergence rate of the FFLR estimate f?(-, )= ,81(-, B P Bp(-, )} under functional
¢1 norm in Theorem 5.

Theorem 5. Suppose tha~t Conditions 1-3, 6(ii), 7 and 9(i), 10 in Append{x A hold, and {Y:(-)}tem is sub-Gaussian functional
linear process. Let d < d, and the regularization parameter y, < s{d*V*"* My y(n~"logp)"/*> 4 d~**!/2}, where My y is
specified in Proposition 2 in Appendix A. Then the estimate ﬂ( -) satisfies

A - lo
Z 1B — Boills = op{ﬂsz (d“*“V““MW,y =L+ da*f“ﬂ)} . (30)
j=1

Remark 4. (i) With the same expression of G for both SFLR and FFLR, Condition 6(ii) is required in both Theorems 4 and
5. Note we can further remove the assumption d =< d, and establish the general convergence rate as a function of d, d and
other parameters.

(ii) The rate for the autocovariance-based estimator in (30) is slightly slower than that for the covariance-based
estimator in Fang et al. (2022) by a multiplicative factor d*/2.

4.3. High-dimensional VFAR

The high-dimensional VFAR of a fixed lag order H, namely VFAR(H), takes the form of

Z/A(h)(uvxt p(u)du +e,(v), t=H+1,....n, (31)
W=1
where {X;(-)} satisfy model (1), the errors &:(-) = {er1(-), ..., ep(-)}" are i.id. sampled from a p-vector of mean-zero
random functions, independent of X;_(-), X;_»(-), ..., and AO A(h (-, *)}jjemp is the unknown functional transition

matrix at lag h'. In the special case H = 1 with Ay = AE) ) Theorem 3.1 of Bosq (2000) ensures the stationarity of {X(-)} if
there exists an integer lp such that supyg <4 ||Ag)(f)|| < 1for f € HP. According to Guo and Qiao (2023), all VFAR(H) models
can be reformulated as a VFAR(1) model and hence it is not hard to adjust the stationarity condition for the general case
H > 1. To make a feasible fit to (31) under a high-dimensional regime based on observed curves {W;(-)};cs), We assume
{Ag‘/)}h/e[H] is rowwise functional s-sparse with s = maxje(p; sj < p. To be specific for the jth row of components in {Ag‘/)},
we denote the set of nonzero functions by S; = {(’, h") € [p] x [H] : ||A /||s # 0} and its cardinality by s; = |S;| for
€ [pl

! I-Egg each j € [p], we approximate X;(-) based on the expansion in (4) truncated at d;. With some specific calculations,
model (31) can be rowwisely rewritten as

0.jj

n; = ZZ% _wy §2 ,—i—r +e5, jelpl, (32)

W=1j=1

where .(lghy) fuZ l/IJ ( )wj(v) dudv € RY*% and ri = (41, ..., r[jdj)T is the truncation error with each

1), 1 H H),
Tgm = Y p_ Y b Y M n(t i (W, 0}}) Yim) form € [dj]. Let 2oy = (20, ..., 2807 ... 00T . et

R" Tyt “%_We choose {M¢—p—ny : I € [L], k € [p]} as the vector-valued instrumental variables, which are assumed
to be uncorrelated with the random error & in (32). Within the framework of (16), we assume that £2¢; is the unique
solution to the following moment equations:

0 = E{n_n_ny€y) = 8.m(20) +Rinc, helll kelpl, (33)

H
where g; ne(£207) = E{n_py_nyllg) — D=1 Zf_1 B0 —H—ni ey 1,/ Ojj 2} and Ri e = —E{0_y_nyly)-

Given that estimating the functional sparsity in the jth row of {A0 }h’e[H] is equivalent to estimating the block sparsity
in £2¢; for each j, our goal is to estimate the block sparse matrix §2¢; using the empirical versions £2; — g&; n(£2;) for
h € [L] and k € [p], where

T_H_—n Z ”(tHhk”tj — Z ZZ”(tHhk”(thy“Q

t=H+h+1 t H+h+1h=1j=1
10

& n(£2;) =
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and {fytj}te[n],je[p] are obtained in Step 1. Step 2 follows (18) to formulate the block RMD estimator ﬁj by solving the
following optimization task:

H p
3 . (h) . ~
Qj=argmin} > 1142 llr subjectto max | u(2)le < v,
I ow=1j=1 '

where y,; > 0 is a regularization parameter. Step 3 estimates functional transition matrices by
~H A A(h/) ~ -
A, v) = ¥y ()" 2 ¥yv), (wov) e, j.j elpl, W e [H],

where {f#j(~)}je[p] are obtained in Step 1.

We next present convergence analysis of {A](,j’f/)c, -):j,j € [pl, W € [H]}. To simplify the notation, we assume the same
truncated dimension d; = d across j € [p]. For each j, we first express (33) as below:

gi(2¢)+ R = G2 +g(0)+R =0,
where g = (g, ... 8 1. -- .,g;“, .. .,gJTLp)T, R = (R, .. .,RlTlp, N (R Lp) and G; = (Gj7) € RPLxpHd
whose (i, i')th block is Gjir = E{n_p_nutl_py) € R>? withi = (h — 1)p +k k € [p] for h € [I] and i =

(W —=1)p+j,j € [p] for K € [H]. Applying Theorem 2 on G and g;(0), we can verify Condition 4(i) with the choice
of €n1 < MY d*+2(n~"logp)"/?, where MY is defined in (10). Srmllar to Condition 6 for SFLR, we then give the following
regularity conditions.

Condition 8. (i) For eachj € [pland (, 1) € S}, A(h Z, m=1 ﬂ,,mw] m(u)wﬂ( v) and there exists some constant
7 > o + 1/2 such that |a ,,ml <U4+m)y T2 forl,m>1; (11) For eachj € [p], let G = (G;;) be the normalized version
of Gj = (Gji7) by replacmg each G; ;v by Gj it = E{Dile_p_n kn(t w07} fori=(h—1)p+kandi = (h — 1)p +j with
k,j €lpl.he [L] and h’ € [H], where D; = dlag( 1/2, e, k]d /2) There exist universal constants ¢; > 0 and y; > 0 such
that omax(m, G]) > ¢ and omin(m, GJ)/amax(m Gj) > wj for m = ISS]/M]

We finally establish the convergence rate of the VFAR estimate {A( (-, )jjemp)wemn in the sense of functional matrix
£~ norm as follows.

Theorem 6. Suppose that Conditions 1-3 and 8 hold. Let the regularization parameters satisfy yy; =< si{d* > MY (n"'log p)'/?+
d="*1/2} for j € [p] and = minjey) pj, where MY is defined in (10). Then the estimate {;\Lh ), )} satisfies

llng _
§ § () (h) 2.2 2a+2 4 W o—t+1/2
max A A i =0 d — 4 d . 34
Jelp] ” ||S p{ N ( M1 )} ( )

j/=1n=1

Remark 5. Similar to Remarks 3(ii) and 4(ii) for SFLR and FFLR respectively, the rate for {Aj(.;/)(-, -)} in (34) is slightly slower
than that for the covariance-based estimator in Guo and Qiao (2023) by the same factor d*/2.

5. Empirical studies
5.1. Simulation study

In this section, we conduct a number of simulations to evaluate the finite-sample performance of the proposed
autocovariance-based estimators for SFLR, FFLR and VFAR models.

In each simulated scenario, to mimic the infinite-dimensional feature of signal curves, we generate Xj(u) =
Y2 ng(u) = () with g = (g1, ... ngas)” and Y() = (Ya(-), ..., Yas())" for t € [n],j € [p] and u € U = [0, 1],
where {y(u)}1<i<25 is formed by 25-dimensional Fourier basis functlons, 1, ﬁcos(anu), ﬁsin(anu) forl=1,...,12
and each n, = (g, ..., ngj)T € R is generated from a stationary vector autoregressive (VAR) model, , = 27,_; + €,
with block transition matrix £ = (£2)jrep) € R*P*? and €; = (€]}, ..., €},)" € R?P, where the components of each
€ = (€41, ..., €gos)" are sampled independently according to €5 ~ N(0,0.7 —0.1]) for I = 1,...,5 and N(O, I72) for
I=6,. 25 Therefore X;(-) follows a VFAR(1) model X;(v fu A(u, v)X¢_1(u)du + &(v), where &4(v) = ¥(v) € and
autocoeff1c1ent functions satisfy Aj(u, v) = ¥(v)" 2uP(u) for j,k € [p] and u, v € Y. In our simulations, we generate
n = 100, 200, 400 serially dependent observations of p = 40, 80 functional variables. The observed curves are generated
from Wy(u) = Xy(u)+e;(u), where white noise curves e;(u) = Zle (), Zg = (Zg1, - . ., 245)" and {z;j}¢e(n) are sampled
independently from multivariate normal distribution with mean zero and covariance matrix diag(1, 0.8, 0.3, 1.5, 1.6). For
each of the three models, the data is generated as follows.

11
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VFAR: We generate block sparse §2 with 5% or 10% nonzero blocks for p = 80 or p = 40, respectively. Specifically, for
the jth block row, we set the diagonal block £2;; = diag(0.60, 0.59, 0.58, 0.3, 0.2, 672, ...,2572)and randomly choose one
off-diagonal block being 0.442;; and two off-diagonal blocks being 0.1£2;;. Such block sparse design on {2 can guarantee the
stationarity of the generated VFAR(1) process. It is worth noting that estimating VFAR(1) results in a very high-dimensional
task, since, e.g. even under the most ‘low-dimensional’ setting with p = 40, n = 400 and truncated dimension d = 3, one
needs to estimate (40 x 3)?> = 14,400 parameters based on only 400 observations. The p-vector of functional covariates
{X:(+)}tern) for SFLR and FFLR below are generated in the same way as those for VFAR.

SFLR: We generate the scalar responses {Yt}te[n] from model (13), where ¢,’s are independent A/(0, 1) variables. For
eachj € § = {1,..., 5}, we generate gj(u Z, 1 bayn(u) for u € U, where bj1, bjz, bz are sampled from the uniform
distribution with support [—1,-0.5]U[0. 5 1] and by = (— 1)’1 2forl=4,...,25. Forje[p]\S, we let Bi(u)=0

FFLR: We generate the functlonal responses {Yi(v) : v € V}iem w1th V = [0, 1] from model (26) where &(v) =
Z 1 &m¥m(v) with gy,’s being independent A/(0, 1) variables. For j € S, we generate S;(u, v) Z,m 1 bimn(u)yrim(v)
for (u v) € U xV, where components in {bjin }1<i,m<3 are sampled from the uniform distribution with support [-1, —0.5]U
[0.5, 1] and bji, = (=1)*™(I+m)=2forlorm=4,...,25. Forje[p]\S, we let Bi(u,v) =0.

Implementing our proposed autocovariance-based learning framework (AUTO) requires choosing L and d;’s. As our
simulated results suggest that the estimators are not sensitive to the choice of L, we set L = 3 in simulations. To select
d;, we take the standard approach by selecting the largest d; eigenvalues of Kj; in (6) such that the cumulative percentage
of selected eigenvalues exceeds 90%. To choose the regularization parameter(s) for each model and comparison method,
there are several possible methods one could adopt such as AIC, BIC and cross-validation. The AIC and BIC methods require
the calculation of the effective degrees of freedom, which leads to a very challenging task given the high-dimensional,
functional and dependent nature of the model structure and hence is left for future research. In our simulations, we
generate a training sample of size n and a separate validation sample of the same size. Using the training data, we compute
a series of estimators with 30 different values of the regularization parameters, i.e. {bj(-y”)}je[p] (or {ﬁj(-y”)}je[p]) as a function

of y, for SFLR (or FFLR) and {.fAZJ(.,f”j )}ke[p] as a function of y,; for VFAR, calculate the squared error between observed and

fitted values on the validation set, i.e. Y ¢ {Y; — Y7 ]b]y”) i} for SFLR, >°0_, [1E, — > 1'\1(]/")Tf1tj||2 for FFLR and

> 9 — .Qj(ky”]) i fie_1y|I” for VFAR, and choose the one with the smallest error.

We compare AUTO w1th the standard covariance-based estimation framework (COV), which proceeds in the following
three steps. The first step performs FPCA on {Wy(-)}en) for each j € [p], where the truncated dimension was selected in
the same way as d;. Therefore, estimating SFLR and FFLR models are transformed into fitting multiple linear regressions
with the univariate response (Kong et al., 2016) and the multivariate response (Fang et al., 2022), respectively and the
VFAR estimation is converted to the VAR estimation (Guo and Qiao, 2023). The second step considers minimizing the
covariance-based criterion, essentially the least squares with the addition of a group lasso type penalty. Such criterion can
be optimized using an efficient block fast iterative shrinkage-thresholding algorithm developed in Guo and Qiao (2023),
which converges faster than the commonly adopted block coordinate descent algorithm (Fan et al., 2015). The third step
recovers functional sparse estimates using estimated eigenfunctions.

We examine the performance of COV and AUTO for three models in terms of relative estimation errors, i.e. ||A -
All/IIA]IF for VFAR, (Y0 [1Bi—Boill*)/2 /(X0 1| BojlI?)'/ for SELR and (-0, 1| Bi—Bosll%)2/(2E 11 Bojll%)"/? for FFLR. We
ran each simulation 100 times. Fig. 1 displays boxplots of relative estimation errors for three models. Several conclusions
can be drawn from Fig. 1. First, AUTO significantly outperforms COV for three models under all scenarios we consider.
Second, as discussed in Section 2.1, AUTO provides consistent estimates, while the consistency of COV estimates is
jeopardized by the white noise contamination. This can be demonstrated by our empirical results that AUTO provides
more substantially improved estimates over COV as n increases from 100 to 400. Third, the performance of AUTO slightly
deteriorates as p increases from 40 to 80, providing empirical evidence to support that the rates in (25), (30) and (34) for
SFLR, FFLR and VFAR models, respectively, all depend on the (logp)'/? term.

5.2. Real data analysis

In this section, we illustrate our developed methodology using a public financial dataset, which was obtained from
the WRDS database and consists of high-frequency observations of prices for S&P 100 index and component stocks (list
available in Table 2 in Appendix C, we removed several stocks for which the data were not available so that p = 98 in our
analysis) in year 2017 comprising 251 trading days. We obtain one-minute resolution prices by using the last transaction
price in each one-minute interval after removing the outliers, and hence convert the trading period (9:30-16:00) to
minutes [0, 390]. We construct cumulative intraday return (CIDR) trajectories (Horvath et al., 2014), in percentage, by
Wii(ux) = 100[log{Pg;(ux)} — log{P;(u1)}], where Py(uy) (t € [n],j € [p], k € [N]) denotes the price of the jth stock at the
kth minute after the opening time on the tth trading day. We work with mildly smoothed CIDRs obtained by expanding
the data with respect to a 45-dimensional B-spline basis. The CIDR curves always start from zero and have nearly the same
shape as the original price curves, but make the stationarity assumption more plausible. We performed the functional
KPSS test (Horvath et al., 2014) on CIDR curves for each stock using the R package fsta (Shang, 2013). The p-values are
all larger than 1%, which indicates that there is no overwhelming evidence against the stationarity.
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(a) Relative estimation errors for VFAR
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Fig. 1. The boxplots of relative estimation errors for (a) VFAR, (b) SFLR and (c) FFLR.

Our target is to predict the intraday return of the S&P 100 index based on observed CIDR trajectories of component
stocks, Wy;(u), u € 1 = [0, N] up to time N, where, e.g., N = 360 corresponds to 30 min prior to the closing time of the
trading day. With this in mind, we construct a sparse SFLR model with erroneous functional covariates as follows

p
=% / Xy ()P (u) dut + £, Wy(u) = Xy(u) + eg(u). ¢ € [n]. j € [p].
=174

(35)

where Y; is the intraday return of the S&P 100 index on the tth trading day, X;(-) and e;(-) represent the signal and
noise components in Wi(-), respectively. We split the whole dataset into three subsets: training, validation and test
sets consisting of the first 171, the subsequent 40 and the last 40 observations, respectively. We apply the validation
set approach to select the regularization parameters for AUTO and COV, based on which we estimate sparse functional
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Table 1

MSPEs up to different current times, N = 300, 315, 330, 345, 360, 370 and 380 min, for
AUTO and four competing methods. All entries have been multiplied by 100 for formatting
reasons. The lowest MSPE for each value of N is in bold font.

Method u <300 u<315 u<330 u<345 u<360 u<370 u<380
AUTO 5.068 4.936 4.814 4.161 3.892 3.798 3.726

cov 5.487 5.360 5222 5.090 4976 4.927 4.882
AGMM 6.506 6.470 6.454 6.441 6.408 6.385 6.364
CLS 6.859 6.798 6.730 6.655 6.583 6.546 6.507

Mean 8.832 8.832 8.832 8.832 8.832 8.832 8.832

coefficients in (35) and calculate the mean squared prediction errors (MSPEs) on the test set. For comparison, we also
implement autocovariance-based generalized method-of-moments (AGMM) (Chen et al., 2022) and covariance-based least
squares method (CLS) (Hall and Horowitz, 2007) to fit the univariate version of (35) for each component stock, among
which we choose the best models leading to the lowest test MSPEs. Finally, we include the null model using the mean of
training responses to predict test responses.

The resulting test MSPEs for different values of N and all comparison approaches are presented in Table 1. We observe
a few apparent patterns. First, in all scenarios we consider, AUTO provides the best predictive performance, while the
autocovariance-based methods are superior to the covariance-based counterparts. Second, the predictive accuracy for
functional regression type of methods improves as N approaches to 390 providing more recent information into the
covariates. Third, AUTO and COV significantly outperform AGMM and CLS, while Mean gives the worst results. This
indicates that using multiple selected functional covariates from the trading histories indeed improves the prediction
results.

Appendix

This appendix contains further non-asymptotic results in Appendix A, all technical proofs in Appendix B and list of
S&P 100 stocks in Appendix C.

Appendix A. Further non-asymptotic results

To provide theoretical guarantees for the proposed estimators in Sections 4.1 and 4.2, we present essential non-
asymptotic error bounds on the relevant estimated cross-(auto) covariance terms based on the functional cross-spectral
stability measure (Fang et al., 2022) between {W;(-)};cz and p-vector of mean-zero functional time series (or scalar time
series) {Y;(-)}tez (or {Z;}iez). Define Z‘,‘;V'y(u, v) = Cov{W;_p(u), Y¢(v)} and S,‘iv’z(u) = Cov{W;_p(u),Z;} for h € Z and
(u,v) e x V.

Condition 9. (i) For {W;(-)};cz and {Y¢(-)}tez, the cross-spectral density function fgf‘y = (2m)7! D hez E,ﬁv‘ye*"’“’ for
0 € [—m, ] exists and the functional cross-spectral stability measure defined in (A.1) is finite, i.e.
., 1Y (®
MWY =25 . esssup ~ (216~ (£2)) < 00, (A1)
et e aaeif (1, BY(80), (82, T4(,))

where H) = (& € HP : (&, XY (®)) € (0, 00)} and H), = {@ € HP : (&, X}(B)) € (0, 00)}. (ii) For {W;(-)}rez and {Z}rez,
the cross-spectral density function f} * = (27 )" D her »W2e~M for g € [—m, 7] exists and the functional cross-spectral
stability measure defined in (A.2) is finite, i.e.
P, £ v
MWL =25 . esssup (2.5 ")l < o0, (A2)
oel—m, 1, Behd,verh \/(45, Eg(é))\/vTZ%v

where R} = {v € RP : v7 X2y € (0, 00)).

In analogy to (10), we can define the functional cross-spectral stability measure of all k{-dimensional subsets of {W,(-)}
and kp-dimensional subsets of {Y.(-)} (or {Z;}) as MZ‘::ZZ (or Mx::fz). It is easy to verify that M,‘::/:,fz < M"Y <
(or Mgfz < MWZ < o0) for k; € [p] and k, € [p]. For scalar time series {Z;}, the non-functional stability measure
degenerates to
v iy

M =27 ess sup =
TGOV

96[771,7T]¢V6Rgv

14



J. Chang, C. Chen, X. Qiao et al. Journal of Econometrics 239 (2024) 105385

which is equivalent to that proposed in Basu and Michailidis (2015). The stability measure of all k-dimensional subsets
of {Z:}, i.e. Mi for k € [p], can be defined similarly according to (10).

For each k € [p], we represent Yy(-) = Zﬁf 1 Ctkm®km(+) under the Karhunen Loéve expansion where ym =
(Y, drm) and {(ka, ¢1<m)}m>1 are the pairs of eigenvalues and eigenfunctions of X kk Let {(Okm, ¢k,,,)}m>1 be the estimated
eigenpairs of Z‘O e and {tkm = (Yy, ¢>km) We next lmpose a condition on the elgenvalues {6km}m>1 and then develop the
deviation bound in elementwise £,,-norm on how & ahjk,m = (n—h)” Zt 1 Te— h)ﬂ{tkm concentrates around ahﬂdm =
Cov{n(t—nyi, &ukm}, Which plays a crucial role in the convergence analysis of the FFLR estimate in Section 4.2.

Condition 10. (i) For each k € [p], 61 > 62 > --- > 0, and there exist some positive constants ¢ and @ > 1 such that
Okm — Okims1) = Em~4~1 for m > 1; (il) MaXgep) Yy Okm = O(1).

Proposition 2. Suppose that Conditions 1-3, 9(i) and 10 hold, {Y((-)}ten) is sub-Gaussian functional linear process and h
is fixed. Let d and d be positive integers possibly depending on (n,p,p) and Myy = M‘]” + M’{ + M‘I’Yiy. Forn >
(d2*+2 v @2 +2) Myy.y ) log(pp), there exist some positive constants c; and cg independent of (n, p, p, d, d) such that
AW,Y W,y =
O, jkim — O, jiim| log(pp)
max S Jetl a1~ Mwy
jelpl kelpl.letd.merd) 11V m n

(A.3)

holds with probability greater than 1 — c;(pp)~8

We next consider a mixed process scenario consisting of {W,(-)} and {Z;} and establish the deviation bound on how
@f]i, = (n — h)” Z[ 1 fe—nyjiZee concentrates around Onii = Cov{n(t—nji, Z&}, which is essential in deriving the
convergence rate of the SFLR estimate in Section 4.1.

Proposition 3. Suppose that Conditions 1-3 and 9(ii) hold, {Z;};c[n is sub-Gaussian linear process and h is fixed. Let d be a
positive integer possibly depending on (n, p, p) and My z = M‘l’" + Mf + M‘]’Yiz. For n > (Mw z)? log(pp), there exist some
positive constants cg and cyo independent of (n, p, p, d) such that
AW,Z w,z ~
1Ohjia = onjal _ [log(pp)

w.z

m < (A.4)
jelpl.kelplleld] Jet1 n

holds with probability greater than 1 — cg(pp)~€1°.

Appendix B. Technical proofs

Throughout, we use c, ¢, ¢, ¢ and ¢ to denote generic positive finite constants that may be different in different uses.

B.1. Auxiliary lemmas

Lemma 1. Suppose that Condition 4(iii) holds. Then ||3sc ||(]d'a) < ||35||(1d’a) with probability at least 1 — &,;.

Proof. It follows from Condition 4(iii) and 6y s« = 0 by definition that with probablllty at least 1—34,5, ||0||(d ) < |69 || @d _
160,511, which implies that 65" > 195" + s 1™ > 160,51 "? — 1B — 851" + 18]I *. By cancelling
||00,5||1d D on both sides above, we obtain ||05c 00,5c||(1d ) < ||05 00$5||(1d d). a

Lemma 2. For A € R9*P with rank(A) < min(p, q) and x € RP*9, let A = UAV" be the singular value decomposition of A
with A = diag{o,...,0;} and o1 > --- > o, > 0. Then we have o, ||X||r < ||AX|f < o1]X]|F.

Proof. Let v; denotes the jth row of V'x for j € [r]. Write o2|x||2 < [Ax|? = tr(x'ATAX) = tr(x'VA’V'x) =

(Xi—y o2vjvp)/* < o7 |IX||}, where, in the inequalities above, we have used |[V'X||¢ = [|X||¢ due to the orthonormality of

V. Takmg the squared root on both sides completes the proof of this lemma. O

To simplify the notation, we will use opin(m) and omax(m) to represent omin(m, G) and omax(m, G), respectively.
Lemma 3. It holds that

k(6g) > max{ Omin(mM) _ deax(m)\/T} 172
0  m>s \/ﬁ \/m m 2(1+2m).
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Proof. Let T C [p] and ||87c || (@.d) < ||6T|| (@.d) by (21). Let T; denote the largest m components of {||§; ”F}1€lIJJ' and T, be the
subsequent m- largest etc. Let V, = dlag(u ® 14) where u € RY with Z I(uil #0)<mand 14 = (1,...,1)" € R
We let ||nll = (X1, #2)"? and |||l = MaXieiq) |4i]. Then, we have

[L

(d, d
G| = max

1
> [|———V,Gd
F ”Jﬁnunm s
>~

o — v.ers ——V,G.1é;
H lele T e Sl Vmlele
where G. 7, is the block submatrix of G consisting of all rows and all block columns in T; of G for j > 1.

Define J; = arg maxyj<m omin(Gy,1, ). We can let p = (u;) with p; = 1ifi € J; and 0 otherwise, so that |||« = 1. Then
the first term in (B.1) becomes

1
—V,Gr,dr
Vmlpleo ©

IIILII F

) (B.1)
F

1
F B H\/ﬁcjﬂlan F

Umin(Gj T ) 1
> #Hsn lr = ﬁ I{}E}ﬁ"min(cjﬂ N1, I (B.2)
1 Omin(m)
2 = min max omin (Gyu) 191, I = =~ lan e

where the first inequality comes from Lemma 2. Define ]] = argmaxj<m amax(G”) for each j > 2. By the similar
arguments as above, the second term in (B.1) becomes

2

VLT fZ” G581

jz2 F jz2
1
< T > omax(Gj 1)l1d Ik = NG Zruxgngomax<cj,r,.)||6rj|h: (B.3)
Jj=2 j>2 -

Umax
< —= Max Max omax (Gy.um) E |67, llF = E ll87; 1l -
A/Mm IM|=m |J|<m =2 =2

By the construction of sets {Tj};=1, we have [|§5 || {*? = Yier; I8ille = mlir,, 19D > /m m||8r,,, Il which implies that

(d.d)
(d.d) |3||
> lsgle < Z I8 < == (B.4)

j=2 ]>1
Combining (B.2)-(B.4) yields

Tmin(m) (m
163D > T s e — TmX ||6||(“‘”/f

max Z / /
amin(m Omax m) N
81, llF — 2./ =18 B.5
= 187, Il NG m” TllF (B.5)

_ {omm(m)_ Omax(1M) s||3T||F}”6 |
Jm Jm Nm e e

(d.d)

where the second inequality comes from ||§]|;" < 2||6T||(1d‘a) < 2.4/s||8r|l with |T| < s. This fact together with (B.4)

implies that

81lF < I8, llF + Z 187, llF < 1167, [lF + 2y/s/mllérllp < (1 + 2y/s/m)| 8, ¢ - (B.6)

j=2
Combining (B.5) and (B.6) yields that

IG8I%D > {““““(m) _ o Omax(m) \/E }”SHF
L vm Jm \m [ (1+ 2/5m)

_ [ominlm) _omaxtm) [ 18I/
- | Jm Jm N m) 201 +2/s/m)’
where the second inequality comes from ||§||r > ||d7]Fr > ||8T||(1d’a)/\/§ > ”3”(1(1,&)/@_ We complete our proof by (21)

and dividing ||6||(1d’a) on both sides of (B.7). O

(B.7)
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Lemma 4. Suppose that Condition 5 holds. Then there exists some positive constant ¢ such that x(0y) > cu?/(24s).

Proof. Applying Lemma 3 and choosing m = 16s/u? yields that

Omax(M, G) [ Omin(m, G) % s—1/2
k(o) > max _K
mzs - /m Omax(M, G) 2014 p/2)

cu “w “w -1/2 o cu”
2(1+ - S
4\[< 2>{ ( " 2>} T 24s

which completes our proof. O

For each j € [p], let wjy > wjp > --- > 0 be the elgenvalues of xX

vj1(+), via(+), . ... Similarly, let {(w j‘f’(-))}, 1 be the eigenpairs of X

0.i with the corresponding eigenfunctions

0 NN

Lemma 5. Suppose that Condition 2 holds. Then we have wg’ = max; Y%, wj’ = 0(1).

Proof. This lemma follows directly from Lemma 2 of Fang et al. (2022) and hence the proof is omitted here. O

Lemma 6. For p x p lag-h autocovariance function of (W, (-)}, {2, (-, -Jjkep, we have [| 2% ||s < wg and || ZY, (Yim)lls <
w2 (@W)'2 for m > 1.

Proof. This lemma follows directly from Lemma 8 of Guo and Qiao (2023) and hence the proof is omitted here. O
B.2. Proof of Theorem 1

Along the line of the proofs of Theorem 1 in Fang et al. (2022) and Proposition 1 in Guo and Qiao (2023), we can obtain
that for h > 1

W
b, (X, —X (P
H < “N( h n )X jv» ‘>2MXV5} < 8exp{—cnmin(62, )} . (B.8)
(@1, Yo (@1)) + (B2, Xy (D2))
For each j € [p], consider the spectral decomposition Z‘OH =35 J, ], wvy (v W(v) and wy = max; Y -, w}f“ = 0(1),
implied from Lemma 5. For each (j, k, I, m), choosing &, = {O,..., (@) V2% 0,...,0)7 and #, = {0,...,0

jl ﬂ ’
(a)km) l/zvkm, 0,...,0}" on (B.8) and following the same procedure to prove Theorem 2 of Guo and Qiao (2023) with
the choice of suitable constant ¢, we can obtain that

P{||§,¥ij = 2lls > M8} < 8exp{—cnmin(s, 8)} . (B.9)
By (5), ( ) and Cauchy-Schwarz inequality, we have ||IA(]] —Kjll% <2LYp_, ||§},";J DI ZE +L i ”Er\x E,‘l"; ||4

Let 20 = {IZ%, — ZWlls < wo} and 23 = (|1Z, — T lls < MY5). On the event A; = 2N mgwi afels
N .Q]]L), it follows from the above results and Lemma 6 that

1Ky — Kiills < /3L M5 (B.10)
Applying (B. 9) and choosing § = (MY) lwy for .Qfoljj, .. .Q(Lij yields P(Af) < 8Lexp{—cn min(82, §)} + 8Lexp[—cn
min{(MY )23, (MY) Two}]. Combining the above results, we obtain

P(||IA<,',' — Kjlls > MY'8) < Cexp{—cnmin(8>, 8)} + € exp(—cn). (B.11)
For each j € [p], it follows from Lemma 4.3 of Bosq (2000) and Condition 3 with mingep{Ajx — Ajk+1)} = col™*~1 that

max [ = 2| = 1Ky = Kylls and - max(lly — vl /F*) < 2v/2¢5 1R = Kylls - (B.12)

Combining (B.11), (B.12) and the union bound of probability yields that

P( max |Aj — Ajl > M‘{V(S) VIF’{ max (||wj, Yl /1) > ZﬁcolM‘{VS}
Jelpl.leld] Jjelpl.le
< Cp exp{—cnmin(s?, 8)} + cp exp(—cn).

Let § = py/n-llogp < 1. Choosing suitable positive constants ¢ and ¢ = cp® — 1, we obtain that (11) holds with
probability greater than 1 — cp~¢, which completes the proof of Theorem 1. O
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B.3. Proof of Theorem 2

For each (j, k, I, m) and h > 1, we write
i — ol = (Wi, E W) — Wite Z (W)
= (P — ¥i)s 205 (Priem — Yiem)) + (Wit (S5 — Zh)(Yrem )
+ (W — v (S0 — SR W) + Wit (0 — ZW)Wkon — Vi)
+ U — i) D)) + Wit 23 (Fiem — Viem))}
=h+h+h+]a.

On the event .(~2jk = Qfohj)k N Q(h N A;N Ay, it follows from Lemma 6, (B.10), (B.12), the orthonormality of {;i}, {¥xm} that
max;, mera{l11/(1 v m)Xe+ Dy 5 (M‘{V)ztsz. max; megq) Ul < MY8, max;mega{Usl/(1v m)**1} < MY § and max megq{Ual/(1V
my 1 < mWs. Thhen max, me[d]{z, . U,l/ (v m)"‘L“} < cm¥Ws + 5~d"‘“(/\/t‘]"’)262. Applying (B.9) and choosing § =
(MW) Ty for 2, ju; .Qwﬂ, 20 - 28, yields that P($25) < (16L + 8)exp{—cnmin(6?, 8)} + (16L +
8) exp[—cn min{(MY)~2 wy, (MW) 1wo}]. Combining the above results, choosing suitable positive constants ¢, ¢, ¢, and
applying the union bound of probability yields that
~(h) (h)
Ojkim — Ojkim
(l \V4 m)Dt+1

{ max > M8+ Ed”‘“(M‘]’V)Z(SZ} < cp*lexp{—¢nmin(8?, §)} + exp(—cn)]. (B.13)
J.kelpl,l,me[d]

Choosing § = pij/n'logp < 1and 1+ Ed"‘“M‘]’V(S < p, for some positive constants pi, po, which can be achieved
for sufficiently large n > d***2(MY’)? logp, it follows from (B.13) that there exist positive constants c, ¢ such that, with
probability greater than 1 — cp~¢,

~(h) (h)

Ojkim — Ojid lo
max || 2R
jkelpllmeldl| (I v m)xt n

which completes the proof of Theorem 2. O
B.4. Proof of Proposition 2

For each (h, j, k, I, m), we write
OA'}:Aj/k{m Uh jklm = ((%1 Iﬁ]l) hjk (¢km ¢km)) (1/fjl’ (EW hlk )(¢km))
+ {<(1/f]l ‘//]l) ( h]k - h]k )(¢km)> ‘/f]ls ( h]k - h]k )(¢km - ¢I<m)>}

{
+ W= i) D Gen)) + (Wits S (B — Siom)))
= [] +12 +I3+I4

Let 24y = (120 y— Tt lls < MY} and ‘thk = {12 =20 s < Mw.y8}. On the event AN, N2, it follows
from ||( ,‘:‘jk L Ooem) | < a):)/z klr{f and |[(¥;1, ¥ h]k )|| 1/2 1/2 , derived by the similar techniques to prove Lemma 6,
together with Lemma 5, (B.10), (B.12), the orthonormality of {wﬂ} {#1m} and Condition 10 that max; 4 mera il |/(Pety

DH—]))} S (MW) 82 (M )28 K maxle[d].me[d] |12| =< MW,Y(S maxle[d],me[d]{“?;|/(10(+1\/ma+l)} 5 MWMW,Y82+MYMW,Y52
and max; gy meray{1lal /(1T vme )} < MY 8+ MY 8. Combining the above results and My y = MY +M] +M'1’Yiy yields
that max,e[d]’me[g”{Z;‘=1 /(1 v mE 1)) < eMyy yd + S(d@T v d¥T1)(Myy.y )28%. Following the same developments to
prove (B.13), we apply (B.11), Theorem 2, Lemma 24 of Fang et al. (2022) and the union bound of probability, choose
suitable positive constants ¢, ¢, ¢ and hence obtain that

~W)Y w.Y
[Gh itim — O itam) ~
Jkim h,jklm ~rJa+1 a+1 202
P ) I:I‘laX W > MWY(S + C(d vd )(MW,Y) 8 B.14
jelpl.kelplleldlmetd v m (B.14)

< Cpplexp{—cnmin(s2, 8)} + exp(—én)].

Choosing § = p3/n~1log(pp) < 1 and 1 —i:?:(d"“rl v d**t )My y8 < p4 for some positive constants ps, ps, which can be
achieved for sufficiently large n > (d?*+2 \/(125‘“)(/\/lw,y_)2 log(pp), it follows from (B.14) that there exist positive constants
¢, ¢ such that, with probability greater than 1 — c(pp)~*¢

WY W.,Y po
max O jkim = O jiam | < papa log(pp)
T 1. _~11 = M3M4 w.,Y 5
jelplkelpl.leldl,merd) @1V mEH n

which completes the proof of Proposition 2. O
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B.5. Proof of Proposition 3

For each (h.j. k. 1), we write 9y — opie = (i — v (5350 — S ) + W (B8 — S ) + (W —
Yi). Zpil) = T+ T + T Let 257 = (125 — E,Yi,flls < My z8}. On the event A; N 2,57, it follows from

(B.10), (B.12), the orthonormality of {y;} and || Z*Z1| < wy? 0§ 1. that maxiega)( (T1 1/ S MWS My 28, maxieq) | To| <
My z8 and maxei)(|T3/1*") < M8, Combining the above results and My ; = MY + AMZ + MHZ implies that
max,e[d](zii] |f,-|/l°‘+1) < cMw 28 + (M z)*8% Following the same developments to prove (B.13), we apply (B.11),
Remark 3 and Lemma 28 of Fang et al. (2022) and the union bound of probability, choose suitable positive constants
¢, ¢, ¢ and hence obtain that
0nia — Cnial i sol o .
P max  ——— 5 My 28 + E(Mw 2)*8% } < Cpplexp{—cnmin(s?, §)} + exp(—cn)]. (B.15)
jelpl,kelpl,leld] Jat1

Choosing § = psy/n~'log(pp) < 1 and 14 cMy 78 < ps for some positive constants ps, pg, which can be achieved
for sufficiently large n > (M z)? log(pp), it follows from (B.15) that there exist positive constants c, ¢ such that, with
probability greater than 1 — c(pp)~¢,

AW,Z w.z =
max 1Ot — ©h i < pspsM log(pp)
jelpl.kelp).leld] Jo+1 = 3Pew.z n '

which completes the proof of Proposition 3. O
B.6. Proof of Theorem 3

By g(6) = GO + g(0) and (19), we have g(@) Go +g( ) GOy +g(0)+R=0and g(0) GO+ g(0). Consider the event
A={1G-GI%Y v 180) — g0)|'%Y < €n1} N {1180)1'%Y < y,). By the union bound of probability and Conditions 4(i)
and 4(iii), this event occurs with probability at least 1 — §,; — ;2. On event A, we have

1G(8 — 60)1 %D < [1g(@)]ED + R|ED

max — max max
< 118(0) — gO)IED + 180D + |R|CD
<16 - G)onEﬂ;P + 118(0) — g(0) 2 + &O)ICD + R|ED (B.16)

< 11G — GILD 161" + 11(0) — gO)IED + 1&BNGD + IR &2
< Keni +€n1 +yn + €2,
where, in the last two inequalities, we have used facts that ||(G c)on,ﬁ;i) = MaXie[q] Z] 1 1IC E G)U?) lF < max;; ||(E —
Gille X, 1631l = 11G — GIEZIBI?, 191 < 11801 *? < K and ()% < yu by the definition of the block RMD
estimator in (20) and ||R||(rﬂ;,‘,j() < €, by Condition 4(ii). ) )
On event A, choosing the set T = S in (21) and applying Lemma 1 under Condition 4(iii) yields [lsc||'"® < |I8s) "
and hence § € Cs. Then by (21), (B.16) and Lemma 4 under Condition 5, we have ||0 00||(d 2 < k(0)7 - ||G(0 00)||(rﬁa‘f( <

s 2{(K 4+ 1)eq1 + ¥a + €2}, which completes the proof. O
B.7. Proof of Proposition 1

Define «(6) by substituting G in (21) by G. By G = D,GD, with Dy and D, belng diagonal matrices, we have
16 — B0l < &(80)™" - IG(B — Bo)llimax < K(B0)™" - IIDxllmax /Dy llmax | GO — 6o)IIinax- Following the same procedure

to prove Theorem 3, we can obtain (23). O

B.8. Proof of Theorem 4

We first verify Condition 4(i) for SFLR. For sufficiently large positive constants c, ¢, define two events

o lo
|Uv(h) - ]klm| <cd' MY 7513 } , (B.17)

Jjklm
lo
< & My, fp} :

1= max
J.kelpl,he[L],l,me[d]

— Z e—nkmYe — E{me—nymYe}
=h+1

12 = { max
ke[p],he[L],me[d]
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On event I; NI, we have

logp
(d,d) 24 W
16— Gl = jkeiphhein | n Z eyl — Eln— h)k"u} <MY == (B.18)
t h+1
. . logp
(d.1) _ a 3/2
I18(0) — 8Ol = max | -— ht;l oY = Bl Ve | < a2 Muy [ =25 (B.19)

By Theorem 2, Proposition 3 and the union bound of probability, P(I; N ;) > 1 — Ep~¢ for some positive constants ¢, &.
By (B.18) and (B.19), Condition 4(i) can be verified by choosing 8,; = ¢p~¢ (p depends on n) and

_ lo
em = (c VM My y % . (B.20)

We next verify Condition 4(ii) for SFLR. If follows from r; = Zf:l Y Zas1 MW, Boj), orthonormality of {y},
Cauchy-Schwarz inequality and Condition 6(i) that

d p 0 2
(d, 1)y~ _ 2 — o
(IRIG) = max €y I = n;yZ{E(nummZ > ’701“11)}

j=1 I=d+1
S )3 SRCTAETI |
m=1"-jeS I=d+1
12,12
<s maxZ( Z Akr/n ],/ aﬂ)
i I=d+1
<s makakmmax{ Z i Z j,} < Ads? Z 1727 = o(s?d~ ¥+,
l=d+1  I=d+1 I=d+1

where the asymptotic inequality comes from Condition 6(i) and Ay = max; Zf; Aji = O(1) implied by some calculations
based on (5) and Lemma 5. Therefore
IR|ED < ¢sd™*+1/2 = ¢, . (B.21)

max

By the similar technique above and Condition 6(i),

d 1/2 d 1/2
o ['") = Z(Z af,) < smax(Z rzf) =0(s). (B.22)
=1

jes Ni=1 jes
Finally, we verify Condition 4(iii) for SFLR. On event I; N I, combining (B.20)-(B.22) yields that
I18(bo) %Y < [1&(bo) — g(bo)II &Y + IR|IEY
< (G — G)bo ||V + [1&(0) — g(0)[|%:Y) + IR
< 16— G2 bo " + [1§(0) — g(O)IIEY + IR)I Y

max max

1
< cs(d“HMW,y (logp +d—r+1/2> = .

By Condition 3 with max; ||Djlmax < max; A;il/z = 0(d*/?) and Proposition 1 under Condition 6(ii), we have

. I
b — by = op{ 252 (daﬁmw,y % + d*f“”) } . (B.23)

For each j € [p], let Ri(u) = "%, @i;(u). By the orthonormality of {y;} and [IRj|I> = I %, apvall® = X a5 S
d=%**1 for j € S under Condmon 6(i), we have
A ATA A A A
18 — Boill = 1¥; by — ¥ boj — Ryll < 1I(¥; — ¥,)"byll + 119 (bj — bop)ll + [IR;ll
< d"2 max [ — vl 1By + Iy — bos | + 0(d 1),

which implies that || — Boll1 < d"/2 maXiep.ieqay 1 — YllIBIY + 1B — bo|[{*" + O(sd~**/2), where the third term
above is of a smaller order of the second term due to (B.23). By ||b|| (@.1) < ||b b0||(d RS [Ibg ||(d R , (B.22) and Theorem 1,
the first term above is of a smaller order of the second term. Hence we obtain (25) from (B. 23) which completes the
proof. O
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B.9. Proof of Theorem 5

We first verify Condition 4(i) for FFLR. In addition to event I; in (B.17), we define event

1
n—nh

n
Z Ae—nykm&d — BAN(e—nyomCa}

t=h+1

I3 = { max
n

ke[p],he[L],me[d],le[d]

WV lo
< Cdavo{_HMW’y gpl

for some sufficiently large c. On event I; N I3, we have

R _ v logp
1£(0) — g(0)] %) = max <ed™* P My y —. (B.24)

ke[p],heL

Z M- h)kc[ —E{n. h)ké'[}

t=h+1

n_

By Theorem 2, Proposition 2 and the union bound probability, P(I; N I5) > 1 — ép~¢ for some positive constants &, ¢. By
(B.18) and (B.24), Condition 4(i) can be verified with the choice of

_ 5 lo
em = (¢ V EYVE2 Ny y [ 2BP (B25)
n
We next verify Condition 4(ii) for FFLR. If follows from r; = (r1,...,r,3)" with each ryy = Zf:l i M

((¥rj1, Boj)» nr), orthonormality of {11}, {¢nr}, Cauchy-Schwarz inequality and Condition 7 that

d d p o 2
(d.dn?z _ Qe
{IRIGDY = ke[fT]lE’léu]HE{mt i HIE = ,%XZ Z {E<7l([—h)km Z Z N4t Gjtm ) }

m=1m'=1 j=1 l=d+1

d d
= max Z Z [Z 2 VBT ECT “ﬂm}

jes I=d+1

2
<Ss maxz Z < Z )"1/2 jjl/za]lm’)

m=1m'=1 “=d+1

<s maxZAkmmax{ Z ],Z Z Jlm,}

I=d+1 m'=1I=d+1

(2)52 Z Z (l+ m/)721’7] — O($2d7217+1),

m'=1l=d+1
which implies that

IR|GD < ¢sd—+1/2 — ¢, . (B.26)

max

By the similar technique above and Condition 7,

- d d 12 1/2
1Bo||‘"? = Z(ZZ“%m) <sr?€ax{zz I4+m) 2~ 1} =0(s). (B.27)

jes Ml=1 m=1 I=1 m=1

Finally, we verify Condition 4(iii) for FFLR. On event [;NI3, combining (B.25)-(B.27) and applying the similar techniques
for SFLR, we have

dd d
I8(Bo) 142 < G — G2 By )+||g<) g0 + |R|ED

max
< CS(dOtVEH—ZMW v | oF 1 + d—r+1/2

By Condition 3 and Proposition 1 under Condition 6(ii), we have
~ p . lo
IB — By = op{ 252 (dM“MW,Y % n d*f“ﬂ) } . (B.28)

For each j € [p], let Rj(u, v) Z, 12 Zlm DiimYi(U)pm(v) and write

Bi(u, v) — Boj(u, v) = 'fj( )TijI’( ) — 'ﬁ,( u) Boip(v) + Ri(u, v)
=¥;(u )TB;{¢(U)— $(v)} + (P(u) — ¥, (w)) "Bigh(v)
+ ;)" (B; — B))(v) + Ri(u, v).
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By Lemma 9 of Guo and Qiao (2023), we bound the first three terms by
|9, B — )] s < d"> max b — pull Byl
me(d] R
I w,» — ) Big| , < d'? max [ — Vil 1Byl (B.29)
|9/ (B — Boy)$| s = IIB; — Byl -
We next bound the fourth term. For j € S, by the orthonormality of {;} and {¢n},

~ 2
d d 00
IR;I% = H (Z Y- )aﬂmw,-,«pm

I=1 m=1 [Im=1 S
d 00 o d

o (X% a3 Y ) (830
I=1 medt1 I=1 m=1

d [eS) o d
-l) {Z Z l+m)721'71 +ZZ(1+m)7217]} :O(d72r+1).

I=1 m:a+1 =1 m=1

Combining (B.29) and (B.30), we obtain [|8 — Boll: < IBI"{d"? max,,cz |ém — émll + "/ maxeqpy eqar I3 — vitll) +
||B — Bolly (@.d + O(sd~"*1/2), where the third term above is of a smaller order of the second term due to (B.28). By

||B|| (ad) < ||B Boll(d D =+ |IBo || (@.d , (B.27) and Theorem 1, the first term is of a smaller order of the second term. According
(B 28), we complete the proof O

B.10. Proof of Theorem 6

For each j € [p], we first verify Condition 4(i) for VFAR. On event I; in (B.17),

1
G G; = max _ ny — E N
I il = ketprheltivetn | n—H —h _ 1§+1 Ne—H- h)kﬂ(t Yy {Me—n—nye; hy} -
< cd* MY logp ,
- n
18(0) — gi(0)| % = max Z Al — B0 n_ny)
kelpl,helll|| n — n—H-—h F
[ H+h+1 (B.32)
logp

<cd* P mY

It follows from Theorem 2 that P(I;) > 1 — Epfé for some positive constants ¢, ¢. By (B.31) and (B.32), Condition 4(i) can
be verified by choosing

lo
w1 = cdt2 AW % . (B.33)
We next verify Condition 4(ii) for VFAR. It follows from rj = (11, ..., rje)" with each ryy = Zh, D3N B
Nie— h/y/[((l//]/[’ 0;; ) Yim'), orthonormality of {1/;1}, Cauchy-Schwarz inequality and Condition 8(i) that
a2 _ Ty 2
(IR0} ke[r;]lgéu]||1€{mt7ﬂfmkrtj}||F
SO0 C LR 3) 9p spreeerc ||
m=1m'=1 h=1j=1Il=d+1
) z[ D SRR |
m=1m'=1(" IV )eS; I=d+1
d 0 2
1/2,1/2 (i)
§ max 2{2 Pl |
m=1m'=1 ‘I=d+1
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m/ 1= d+1
which implies that
IR I4D) < ¢5;d"H12 = ¢y (B.34)

By the similar technique above and Condition 8(i), we have

1/2
1215 = > [ZZ{ @i ] <Suﬁ;§§sj{zzl+m)‘2’ 1} = O(s). (B35)

(.1)es; - I=1 m=1 I=1 m=1

Finally, we verify Condition 4(iii) for VFAR. On event [, combining (B.33), (B.34), (B.35) and applying the similar
techniques, we have

d,d A
1826142 < 16 — G D) 261 + 181(0) — giOILD + 1Ry 4D

lo
< Csj<da+2M\1A/ /% +d—r+1/2> .

By Condition 3 and Proposition 1 under Condition 8(ii), we have

_ 1
192 — 2011 = op{u,- 'spd" (d“”MV\/@ - d"“”)} (B.36)

For each j’ € [p], let R(h (u, v) Zz 1 Z — Zﬁn:])a](.;;;l//j/m(u)wj,(v) and write

(h)

AGu, v) = A (u, v) = By ()" 2y () — 9y ()" 205 9(0) + RS, v)

= ¥, ()’ 2 (7 10) = Y00} + [y () — vy ()25 9 (0)
+ 9 (25— 20 1950) + R, v).
By the same techniques to prove (B.29), we bound the first three terms
|9, 2] vf,)H < d% max i — Y125 I
|y — 9, 209 < a2 max 1 — | 2070, (B.37)

|y - n”‘)w@ns =125 — 2.

0.ij’ 0.jj"
We next bound the fourth term. For (i, h’) € Sj, by the orthonormality of {5},

oo

d d 2
81 = | (XX - 3 )i
m=1 S

=1 m=1 1,
T . L (B.38)
=02 3 ] =om{ Y 3 twemrt) <o
I=1 m=d+1 I=1 m=d+1
Combining (B.37) and (B.38), we obtain
maXZ Z AT — A Ns < max |21 {d”z max [y — vyl + "2 max iy~ wmn}
jelpl o €lpl.leld] "elpl.m
+ max [ 2 — g/l + 0(s;d ),
j
where the third term above is of a smaller order of the second term due to (B.36). By max; || ﬁjH(]d’d) < max; ||ﬁj —

(lojll(]d’d) + max; || .onll(]d’d), (B.35) and Theorem 1, the first term is of a smaller order of the second term. Applying (B.36)

with © = min; u; and s = max; s; completes our proof. O
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Table 2
List of S&P 100 stocks.
Ticker Company name Ticker Company name
AAPL APPLE INC JPM JPMORGAN CHASE & CO
ABBV ABBVIE INC KHC KRAFT HEINZ
ABT ABBOTT LABORATORIES KMI KINDER MORGAN INC
ACN ACCENTURE PLC CLASS A KO COCA-COLA
AGN ALLERGAN LLY ELI LILLY
AIG AMERICAN INTERNATIONAL GROUP INC LMT LOCKHEED MARTIN CORP
ALL ALLSTATE CORP LOW LOWES COMPANIES INC
AMGN AMGEN INC MA MASTERCARD INC CLASS A
AMZN AMAZON COM INC MCD MCDONALDS CORP
AXP AMERICAN EXPRESS MDLZ MONDELEZ INTERNATIONAL INC CLASS A
BA BOEING MDT MEDTRONIC PLC
BAC BANK OF AMERICA CORP MET METLIFE INC
BIIB BIOGEN INC INC MMM 3M
BK BANK OF NEW YORK MELLON CORP MO ALTRIA GROUP INC
BLK BLACKROCK INC MON MONSANTO
BMY BRISTOL MYERS SQUIBB MRK MERCK & CO INC
C CITIGROUP INC MS MORGAN STANLEY
CAT CATERPILLAR INC MSFT MICROSOFT CORP
CELG CELGENE CORP NEE NEXTERA ENERGY INC
CHTR CHARTER COMMUNICATIONS INC CLASS A NKE NIKE INC CLASS B
CL COLGATE-PALMOLIVE ORCL ORACLE CORP
COF CAPITAL ONE FINANCIAL CORP OXY OCCIDENTAL PETROLEUM CORP
cop CONOCOPHILLIPS PCLN THE PRICELINE GROUP INC
COST COSTCO WHOLESALE CORP PEP PEPSICO INC
CSCo CISCO SYSTEMS INC PFE PFIZER INC
CVsS CVS HEALTH CORP PG PROCTER & GAMBLE
CvX CHEVRON CORP PM PHILIP MORRIS INTERNATIONAL INC
DHR DANAHER CORP PYPL PAYPAL HOLDINGS INC
DIS WALT DISNEY QCOM QUALCOMM INC
DUK DUKE ENERGY CORP RTN RAYTHEON
EMR EMERSON ELECTRIC SBUX STARBUCKS CORP
EXC EXELON CORP SLB SCHLUMBERGER NV
F F MOTOR SO SOUTHERN
FB FACEBOOK CLASS A INC SPG SIMON PROPERTY GROUP REIT INC
FDX FEDEX CORP T AT&T INC
FOX TWENTY-FIRST CENTURY FOX INC CLASS B TGT TARGET CORP
FOXA TWENTY-FIRST CENTURY FOX INC CLASS A TWX TIME WARNER INC
GD GENERAL DYNAMICS CORP TXN TEXAS INSTRUMENT INC
GE GENERAL ELECTRIC UNH UNITEDHEALTH GROUP INC
GILD GILEAD SCIENCES INC UNP UNION PACIFIC CORP
GM GENERAL MOTORS UPS UNITED PARCEL SERVICE INC CLASS B
GOOG ALPHABET INC CLASS C USB US BANCORP
GS GOLDMAN SACHS GROUP INC UTX UNITED TECHNOLOGIES CORP
HAL HALLIBURTON \% VISA INC CLASS A
HD HOME DEPOT INC vz VERIZON COMMUNICATIONS INC
HON HONEYWELL INTERNATIONAL INC WBA WALGREEN BOOTS ALLIANCE INC
IBM INTERNATIONAL BUSINESS MACHINES CO WEC WELLS FARGO
INTC INTEL CORPORATION CORP WMT WALMART STORES INC
INJ JOHNSON & JOHNSON XOM EXXON MOBIL CORP

Appendix C. List of S&P 100 component stocks used in Section 5.2

See Table 2.
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