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1. Introduction

In this modern information age, the availability of large or
vast time series data bring the opportunities with challenges to
time series analysts. The demand of modeling and forecasting
high-dimensional time series arises from various practical prob-
lems such as panel study of economic, social and natural (such
as weather) phenomena, financial market analysis, communica-
tions engineering. On the other hand, modeling multiple time se-
ries even with moderately large dimensions is always a challenge.
Although a substantial proportion of the methods and the theory
for univariate autoregressive and moving average (ARMA) models
has found the multivariate counterparts, the usefulness of unregu-
larized multiple ARMA models suffers from the overparametriza-
tion and the lack of the identification (Liitkepohl, 2006). Various
methods have been developed to reduce the number of parameters
and to eliminate the non-identification issues. For example, Tiao
and Tsay (1989) proposed to represent a multiple series in terms
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of several scalar component models based on canonical correla-
tion analysis, Jakeman et al. (1980) adopted a two stage regression
strategy based on instrumental variables to avoid using moving av-
erage explicitly. Another popular approach is to represent multi-
ple time series in terms of a few factors defined in various ways;
see, among others, Stock and Watson (2005), Bai and Ng (2002),
Forni et al. (2005), Lam et al. (2011), and Lam and Yao (2012).
Davis et al. (2012) proposed a vector autoregressive (VAR) model
with sparse coefficient matrices based on partial spectral coher-
ence. LASSO regularization has also been applied in VAR model-
ing; see, for example, Shojaie and Michailidis (2010) and Song and
Bickel (2011).

This paper can be viewed as a further development of Lam et al.
(2011) and Lam and Yao (2012) which express a high-dimensional
vector time series as a linear transformation of a low-dimensional
latent factor process plus a vector white noise. We extend their
methodology and explore three new features. We only deal with
the cases when the dimension is large in relation to the sample size.
Hence all asymptotic theory is developed when both the sample
size and the dimension of time series tend to infinity together.

Firstly, we add a regression term to the factor model. This is a
useful addition as in many applications there exist some known
factors which are among the driving forces for the dynamics of
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most the component series. For example, temperature is an im-
portant factor in forecasting household electricity consumptions.
The price of a product plays a key role in its sales over different re-
gions. The capital asset pricing model (CAPM) theory implies that
the market index is a common factor for pricing different assets.
When the regressor and the latent factor are uncorrelated, we esti-
mate the regression coefficients first by the least squares method.
We then estimate the number of factors and the factor loading
space based on the residuals resulted from the regression estima-
tion. We show that the latter is asymptotically adaptive to the un-
known regression coefficients in the sense that the convergence
rates for estimating the factor loading space and the factor process
are the same as if the regression coefficients were known. We also
consider the models with endogeneity in the sense that there ex-
ist correlations between the regressors and the latent factors. We
show that the factor loading space can still be identified and esti-
mated consistently in the presence of the endogeneity. However
relevant instrumental variables need to be employed if the ‘origi-
nal’ regression coefficients have to be estimated consistently. The
exploration in this direction has some overlap with Pesaran and
Tosetti(2011), although the models, the inference methods and the
asymptotic results in the two papers are different.

Our second contribution lies in the fact that we do not im-
pose stationarity conditions on the regressors and the latent factor
process throughout the paper. This enlarges the potential applica-
tion substantially, as many important factors in practical problems
(such as temperature, calendar effects) are not stationary. Different
from the method of Pan and Yao (2008) which can also handle non-
stationary factors but is computationally expensive, our approach
is a direct extension of Lam et al. (2011) and Lam and Yao (2012)
and, hence, is applicable to the cases when the dimensions of time
series is in the order of thousands with an ordinary personal com-
puter.

Finally, we focus on the factor models with a nonlinear regres-
sion term. By expressing the nonlinear regression function as a
linear combination of some base functions, we turn the problem
into the model with a large number of linear regressors. Now the
asymptotic theory is established when the sample size, the dimen-
sion of time series and the number of regressors go to infinity to-
gether.

The rest of the paper is organized as follows. Section 2 deals
with linear regression models with latent factors but without
endogeneity. The models with the endogeneity are handled in
Section 3. Section 4 investigates the models with nonlinear
regression term. Simulation results are reported in Section 5.
Illustration with some stock prices included in S&P500 is presented
in Section 6. All the technical proofs are relegated to the Appendix.

2. Regression with latent factors

2.1. Models

Consider the regression model
Vi =Dz, + AX; + ¢, (1)

where y; and z; are, respectively, observable p x 1 and m x 1 time
series, X; is an r x 1 latent factor process, &; ~ WN(0, X,) is a
white noise with zero mean and covariance matrix X, and &; is
uncorrelated with (z;, X;), D is an unknown regression coefficient
matrix, and A is an unknown factor loading matrix. The number of
the latent factors r is an unknown (fixed) constant. With the obser-
vations {(y;, z;) : t = 1,..., T}, the goalis to estimate D, A and
r, and to recover the factor process X;, when p is large in relation
to the sample size T. As our inference will be based on the serial
dependence of each and across y;, z; and X, we assume E(z;) = 0
and E(x;) = 0 for simplicity.

In this section, we consider the simple case when z; and x; are
uncorrelated. This condition ensures that the coefficient matrix D
in (1) is identifiable. However the factor loading matrix A and the
factor x; are not uniquely determined by (1), as we may replace
(A, x;) by (AH, H"'x,) for any invertible matrix H. Nevertheless
the linear space spanned by the columns of A, denoted by M (A),
is uniquely defined. M (A) is called the factor loading space. Hence
there is no loss of the generality in assuming that A is a half
orthogonal matrix in the sense that ATA = I,. In this paper, we
always adhere with this assumption. Once we have specified a
particular A, X; is uniquely defined accordingly. On the other hand,
when cov(z;, X;) # 0, the endogeneity makes D unidentifiable,
which will be dealt with in Section 3.

2.2. Estimation

Formally the estimation for D may be treated as a standard least
squares problem, since

Ve =Dz, +9,, 1, =AX; + &, (2)

and cov(z¢, ;) = 0; see (1). Write D = (dy, ..., dp)T. The least
squares estimator for D can be expressed as

R R R R 10 -1 10
D=(dy,....d)", di= (; ZZIZI) (; > it zf>, (3)
t=1 t=1

where y; ; is the ith component of y;.

R The estimation for M(A) is based on the residuals j, = y; —
Dz;, using the same idea as Lam et al. (2011) and Lam and Yao
(2012), though we do not assume that the processes concerned are
stationary. To this end, we introduce some notation first. Let

1 Ik
Xy(k) = T_«k Z COV(Xe-tks Xe),
t=1

T—k

Xye (k) = Til( Z COV(XH—ks et),
Tt =1

T—k

2,k = T—% Zcov(nHk, n).
T =t

When, for example, Xx; is stationary, Xy (k) is the autocovariance
matrix of X; at lag k. It follows from the second equation in (2) that
for any k # 0,

%, (k) = AZ, (A" + AZ,. (k). (4)

For a prescribed fixed positive integer k, define

k
M=) %,(kZ,K". (5)
k=1

We assume rank(M) = r. This is reasonable as it effectively as-
sumes that the latent factor process X; is genuinely r-dimensional.
Since M is implicitly sandwiched by A and AT, Mb = 0 for any
b L M(A). Thus we may take the eigenvectors of M correspond-
ing to non-zero eigenvalues as the columns of A, as the choice of
A is almost arbitrary as long as M (A) does not change. Let A =
(@i, ..., a;), where ay, ..., a, be the r orthonormal eigenvectors
of M corresponding to the r largest eigenvaluesA; > --- > A, > 0.
Then A is a half orthogonal matrix in the sense that ATA = I... In the
sequel, we always use A defined this way. When the r non-zero
eigenvalues of M are distinct, A is unique if we ignore the trivial
replacements of aj\by —aj.

Letq, = y: — Dz, and

7_7: %Zﬁt

t=1

- 1 A _ _
2,00 = = D e — DG~ )
t=1
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The above discussion leads to a natural estimator of A denoted

by A = (a,...,a). Here aj,...,a, are the orthonormal

eigenvectors of M corresponding to the r largest eigenvalues A, >
- > Ar, Where

M=) %,0Z,K". (6)

k=1

Since A is a half orthogonal matrix, we may extract the factor
process by X, = AT(y, — Dz;); see (2).

All the arguments above are based on a known r which is
actually unknown in practice. The determination of r is a key
step in our inference. In practice we may estimate it by the ratio
estimator

o~

T= argmin{m :
Ao

<

151’5R}, (7)

where 5:1 >0 > Xp are the eigenvalues of IVI and R is a constant
which may be taken asR = p/2; see Lam and Yao (2012) for further
discussion on this estimation method.

2.3. Asymptotic properties

We present the asymptotic theory for the estimation methods
described in Section 2.2 when T, p — oo while r is fixed. We also
assume m fixed now; see Section 4 for the results when m — oo as
well. We do not impose stationarity conditions on y¢, z; and Xx;. In-
stead we assume that they are mixing processes; see Condition 2.1.
Hence our results in the special case when z;, = 0 extend those
inLametal.(2011)and Lam and Yao (2012) to nonstationary cases.
Pan and Yao (2008) dealt with a different method for nonstationary
factor models.

We introduce some notation first. For any matrix H, we de-
note by |[H|r = {tr(H"H)}"/? the Frobenius norm of H, and by
[H|l2, = {Amax(H'H)}/? the L,-norm, where tr(-) and Amax(-) de-
note, respectively, the trace and the maximum eigenvalue of a
square matrix. We also denote by ||H|min the square-root of the
minimum nonzero eigenvalue of H'H. Note that when H = his a
vector, ||h|[r = |lhll; = |h|lmin = (hTh)'/2, i.e. the conventional
Euclidean norm for vector h.

Condition 2.1. The process {(V;, z;, X;)} is a-mixing with the
mixing coefficients satisfying the condition Y -, a/(k)' =%/ < o0
for some y > 2, where

a(k) =sup  sup |P(AN B) — P(A)P(B)
i Aefim,BeT“

i+k

)

and J’Tij is the o -field generated by {(y;, z¢, X;) : i <t <j}.

Condition 2.2. Foranyi=1,...,m,j=1,...,pandt, E(|z;;|*)
< C1, E(Ig]*) < Cyand E(|&j¢|*”) < Cy, where C; > Oisa
constant, y is given in Condition 2.1, and z;; is the ith element of
z;, ¢j¢ and g; ¢ are the jth element of, respectively, Ax; and &;.

Condition 2.3. There exists a constant C; > 0 such that Ay, {E
(z:z))} > C, forall ¢.

Condition E(|§j,[|2)’) < (; in Condition 2.2 can be guaranteed
by some suitable conditions on each x;, as A is a half orthogonal

matrix. For example, it holds if max; , E(|x,;t|21’) < 00. Proposi-
tion 2.1 establishes the convergence rate of the estimator for the
p x m coefficient matrix D. Since p — oo together with the sam-
ple size T, the convergence rate depends on p. Especially when
p/T — 0, the least squares estimator D is a consistent estima-
tor for D. This condition can be relaxed if we impose some sparse
condition on D, and then apply appropriate thresholding on D. We
do not pursue this further here. When p is fixed, the convergence
rate is T'/? which is the optimal rate for the regression with the
dimension fixed.

Proposition 2.1. Let Conditions 2.1-2.3 hold. AsT — oo and p —
00, it holds that

ID — Dl = 0, (p"?T~ ).

To state the results for estimating factor loadings, we introduce
more conditions.

Condition 2.4. There exist positive constants C; (i = 3,4) and
8 € [0, 1] such that G;p' < [ Zy(K) [min < [ Zx(k)[l2 < Cap'™?
forallk=1,..., k.

Condition 2.5. Matrix M admits r distinct positive eigenvalues
A > > A > 0.

The constant § in Condition 2.4 controls the strength of the fac-
tors. When § = 0, the factors are strong. When § > 0, the fac-
tors are weak. In fact the value of § reflects the sparse level of the
factor loading matrix A, and a certain degree of sparsity is present
when § > 0. Therefore not all components of y;, — Dz; carry the
information for all factor components. This causes difficulties in
recovering the factor process. This argument will be verified in The-
orem 2.2. See also Remark 1 in Lam and Yao (2012). Condition 2.5
implies that A defined as in Section 2.2 is unique. This simplifies the
presentation significantly, as Theorem 2.1 can present the conver-
gence rates of the estimator for A directly. Without Condition 2.5,
the same convergence rates can be obtained for the estimation of
the linear space M (A); see (9). Let

K1 = mirl_ ”Exg(k)”mil‘l
1<k<k

and  «; = max || Xy (k) ||,
1<k<k

Note that both «; and «, may diverge as p — oo.

Theorem 2.1. Let Conditions 2.1-2.5 hold. Suppose that r is known
and fixed, then

0,(p'T1%),
if g = o(p' ) and p T~ = 0(1);
Op (k1 k2T~ 112),
if p'° = o(iy) and i, 2kapT % = 0(1).

IA—Al2 =

The convergence rates in Theorem 2.1 are exactly the same as
Theorem 1 of Lam et al. (2011) which deals with a pure factor
model, i.e. model (2) with z, = 0. In this sense, the estimator A
is asymptotically adaptive to unknown D.

Theorem 2.2. Let Conditions 2.1-2.5 hold, and r be known and fixed.
If | X1l is bounded as p — oo, then

p~ V2R, — Ax|l, = O,(J|A — Al +p~ 2 + T2,
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Theorem 2.2 deals with the convergence of the extracted factor
term. Combining it with Theorem 2.1, we obtain

P2 |AR, — A,
Op(pST—l/Z +p—1/2),
ifky = o(p' %) and p*T~! = 0(1);

OP(K]—szqu/z Lp 24 712),

170 = o(ky) and iy 2ipT ™% = 0(1).

ifp
Thus when all the factors are strong (i.e. § = 0) and «x, = o(p), it
holds that p~1/2||AX; — AX; |}, = 0,(p~"/2 + T~1/2), which is the
optimal convergence rate specified in Theorem 3 of Bai (2003).

In general the choice of Ain model (1) is not unique, we consider
the error in estimating .M (A) instead of a particular A, as M(A) is
uniquely defined by (1) and does not vary with different choices
of A. To this end, we adopt the discrepancy measure used by Pan
and Yao (2008): for two p x r half orthogonal matrices H; and
H, satisfying the condition H'H; = HJH, = I, the difference
between the two linear spaces M (H;) and M (H;) is measured by

1
D(M(H;), M(Hy)) = \/1 — ;tr(}hH{HzH;). (8)

In fact D(M(H;), M (H3)) always takes values between 0 and 1. It
is equal to 0 if and only if M(H;) = M(H,), and to 1 if and only if
M(H1) L M(Hy).

Theorem 2.3. Let Conditions 2.4-2.5 hold. Suppose that r is known
and fixed, then

{D(M(A), M(A)))?

<|A—ATA—-A) —A"(A—A)A-A)A|,.

__ This theorem establishes the link between D(M (K) M(A)) and
A—Awhenr is known. Obv10usly, the RHS of the above expression
can be bounded by 2 ||A A||%. This implies that D(M(A) M(A)) =
Op(||A Al,). In fact, the convergence of D(M(A) M(A)) does
not depend on Condition 2.5. Even when M admits multiple non-
zero eigenvalues, and, therefore, A is not uniquely defined, it can be
shown based on the similar arguments as for Theorem 1 in Chang
et al. (2014) that

D(M(A), M(A))
0,(°T7%),
if ko = o(p" %) and p?T ! = 0(1);

Op(ky *kopT /2,
1-8

9)
ifp'™ = o(icy) and k5 2kopT /% = 0(1),

which is the same as that followed by Theorem 2.3 when Condition
2.5 holds.

Theorems 2.1-2.3 present the asymptotic properties when the
number of factors r is assumed to be known. However, in practice
we need to estimate r as well. Lam and Yao (2012) showed that
for the ratio estimator 7 defined in (7), P(f > r) — 1. In spite of
favorable finite sample evidences reported in Lam and Yao (2012),
it remains as a unsolved challenge to establish the consistency 7.
Following the idea of Xia et al. (2013), we adjust the ratio estimator
as follows

]+1+CT
k + Cr

where Cr = (p'~% + «)pT~ /2 log T. Theorem 2.4 shows that T is
a consistent estimator for r.

T = arg min { 1§j§R}, (10)

Theorem 2.4. Let Conditions 2.1-2.5 hold, and (p'~% + «k)pT~'/?
logT = o(1). Then P(f # 1) — 0.

__ With the estimator 7, we may define an estimator for A as
A= (@, ..., a),whereay, ..., arare the orthonormal eigenvec-
tors of M, defined in (6), corresponding to the 7 largest eigenvalues.
Then A = A whenT = r. To measure the error in estimating the
factor loading space, we use

#tr(ﬁTMT).
max (7, r)

This is a modified version of (8). It takes into account the fact
that the dimensions of M(A) and M (A) may be different. Obvi-
ously D(M(A), M(A)) = D(M(A), M(A)) if T = r. We show
below that D(M(A), M(A)) — 0 in probability at the same rate as
D(M(A), M(A)).Hence even without knowing r, M (A) is a consis-
tent estimator for M(A). Let p = p(T p) denote the convergence

rate of D(.M(A) M(A)), i.e. ,oD(M(A) M(A)) = 0,(1), see Theo-
rems 2.1and 2.3. For any € > 0, there exists a posmve constant M,
such that P{pD(M(A), M(A)) > M.} < €. Then,
P{pD(M(A), M(A)) > M}

< P{pD(M(A), M(A)) > M, T =]}

+P{pD(M(B), M(A)) > M. T # r}

< P{oD(M(A), M(A)) > M} +o(1)

<e+4+o(l) > €
which implies pD(M (A), M(A)) = 0,(1). Hence, D(M(A), M(A))
— 0 shares the same convergence rate of D(M(K), M(A)) which

means that .M (A) has the oracle property in estimating the factor
loading space M (A).

D(M(A), M(A)) = \/1 -

3. Models with endogeneity

In last section, the consistent estimation for the coefficient
matrix D is used in identifying the latent factor process. The
consistency is guaranteed by the assumption that cov(z, X;) =
E(ztxf) = 0. However when the endogeneity exists in model (1) in
the sense that the regressor z; and the latent factor X; are contem-
poraneously correlated with each other, D is no longer identifiable.
Nevertheless (1) can be written as

=[D+ AE(XtZI){E(ZtZD}q]Zt
+A[X; — E(xtz?) {E(thz)}_lzt] + &
= D'z + AX] + &, (11)

where the latent factor X¥ = x, — E(x.z)){E(z;2])} 'z is un-
correlated with the regressor z;. Hence if we apply the methods
presented in Section 2 to model (1) in the presence of the endo-
geneity, D defined in (3) is a consistent estimator for D* = D +
AE(x.z[){E(z:z])} " instead of the original regression coefficient
D, provided that D* so defined is a constant matrix independent
of t. The latter is guaranteed when both X, and z; are stationary.
Furthermore, the recovered factor processX; is an estimator for X;.
Hence in the presence of the endogeneity and if D* defined in (11)
is a constant matrix, the factor loading space M (A) can still be es-
timated consistently although the ordinary least squares estimator
for the regression coefficient matrix D is no longer consistent.

For some applications, the interest lies in estimating the
‘original’ D and x;; see, e.g., Angrist and Krueger (1991). Then we
may employ a set of instrument variables w; in the sense that w;
is correlated with z, but uncorrelated with both x; and &,. Usually,

we require that w; is ¢ x 1 with g > m. It follows from (1) that
yew] = Dz,w] + ¢}, & = Axw] + ew]. (12)

Since E(x;w!) = 0 and E(e;w]) = 0, we may view the first
equation in the above expression as similar to a ‘normal equation’
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in a least squares problem by ignoring ;. This leads to the
following estimator for D:

T T -1
D= (% ZytwfRT> <% ZZIWIRT> (13)
t=1 t=1
where R is any m x g constant matrix with rank(R) = m, to
match the lengths of w; and z;. When ¢ = m, we can choose
R = I,,,. This is the ‘instrument variables method’ widely used in
econometrics. We refer to Morimune (1983), Bound et al. (1996),
Donald and Newey (2001), Hahn and Hausman (2002) and Caner
and Fan (2012) for further discussion on the choice of instrument
variables and the related issues. It follows from (12) and (13) that

~ 1< 1< -
D-D= <¥ > e;RT) <? > ztwfRT> :
t=1 t=1

The proposition below shows that D is a consistent estimator with
the optimal convergence rate. See also Proposition 2.1.

Condition 3.1. Foranyi = 1,...,qand t, E(lw;|?’) < C for
y > 2and C; > O specified in, respectively, Conditions 2.1 and
2.2.

Condition 3.2. The smallest eigenvalue of {E(w,z])}"R'R{E (w,z])}
is uniformly bounded away from zero for all t.

Condition 3.2 implies that all the components of the instrument
variables w; are correlated with the regressor z;. When g = m and
R = I, it reduces to the condition that all the singular values of
E (wtzf) are uniformly bounded away from zero for all t.

Proposition 3.1. Let Conditions 2.1-2.2 and 3.1-3.2 hold. AsT —
oo and p — oo, it holds that

ID —Dllr = 0,(p">T~"?).

With the consistent estimator D in (13), the factor loading
space and the latent factor process may be estimated in the same
manner as in Section 2.2. The asymptotic properties presented in
Theorems 2.1-2.3 can be reproduced in the similar manner.

4. Models with nonlinear regression functions

Now we consider the model with nonlinear regression term:
y: = g(u) + Ax; + &, (14)

where g(-) is an unknown nonlinear function, u, is an observed
process with fixed dimension, and other terms are the same as in
model (1). One way to handle a nonlinear regression is to transform
it into a high-dimensional linear regression problem. To this end,
letg = (g1,...,8)", and

gi(w) = Zdi,jlj(ll), i=12,...,

j=1

where {[;(-)} is a set of base functions. Suppose we use the approx-
imation with the first m terms only. Let z, = (l;(w,), ..., In(uy)T,
and D be the p x m matrix with d;  as its (i, j)th element, then (14)
can be expressed as

Ve = Dz; + AX; + & + e, (15)

where the additional error term e; collects the residuals in approx-
imating g(-) by the first m terms only, i.e. the ith component of e; is
Zj>m d; jlj(u;). This makes (15) formally different from model (1).
Furthermore a fundamentally new feature in (15) is that m may be
large in relation to p or/and T. Hence the new asymptotic theory

withall T, p, m — oo together will be established in order to take
into account those non-trivial changes. Due to (11), we may always
assume that cov(z;, x;) = 0. Condition 4.2 ensures that e; in (15)
is asymptotically negligible. Hence model (15) is as identifiable as
(1) at least asymptotically when m — oo. Consequently we may
estimate D using the ordinary least squares estimator:

~ (1L 1< -
D= (T ZytzI> (; Zzgf) )
t=1 t=1
We introduce some regularity conditions first.

Condition 4.1. Supports of the process u; are subsets of U, where
U is compact with nonempty interior. Furthermore the density
function of wu, is uniformly bounded and bounded away from zero
for all t.

Condition 4.2. It holds for all large m that

giw) — Y dijlw|=0m")

j=1

sup sup
i ueu
where A > 1/2 is a constant.

Condition 4.3. The eigenvalues of E (z[zf), are uniformly bounded
away from zero and infinity for all t, where z; = (l;(u,), ...,
I (1))".

Condition 4.4. E(Ax;|u;) = 0and E(&;|u;) = Oforall t.

Condition 4.5. Foreachj = 1,...,m, E(|lj(ut)|21’) < (Cq, where
y > 2and C; > 0 are specified in, respectively, Conditions 2.1 and
2.2.

Condition 4.1 is often assumed in nonparametric estimation,
it can be weakened at the cost of lengthier proofs. Condition 4.2
quantifies the approximation error for regression function g(-). It
is fulfilled by commonly used sieve basis functions such as spline,
wavelets, or the Fourier series, provided that all components of g(-)
are in the Holder space. See Ai and Chen (2003) for further detail
on the sieve method.

Proposition 4.1. Let Conditions 2.1-2.2 and 4.2-4.5 hold, and
mT~2 = o(1). Then

ID —Dllr = 0, (p'?m"2T7V2 4 p/2m /27,

Comparing this proposition with Propositions 2.1 and 3.1, m
enters the convergence rates, and the term 0,(p'/?>m'/>~*) is due
to approximating g(u;) by Dz.. Based on the estimator ﬁ we can
define an estimator for the nonlinear regression function

) =D(h), ..., ).

The theorem below follows from Proposition 4.1. It gives the
convergence rate for g.

Theorem 4.1. Let Conditions 2.1-2.2 and 4.1-4.5 hold, and mT /2
= o(1). Then

f [8(w) — g(w)[5 du = 0,(pmT~" + pm~).
ucU

It is easy to see from Theorem 4.1 that the best rate for g(-) is
attained if we choose m < TV@+D which fulfills the condition
mT~2 = o(1) as A > 1/2. When g(-) is twice differentiable,
A = 2 for some basis functions, the convergence rate is pT %/, This
is the optimal rate for the nonparametric regression of p functions
(Stone, 1985). Hereafter, we always set m =< T1/@*+D),
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Table 1
Relative frequency estimates of P(f = r) for Example 1 with stationary factors.
p 100 200 400 600 800
§=0 D known T =0.5p 0.700 0.960 0.990 0.995 1
T=p 0.900 0.985 1 1 1
T=1.5p 0.980 1 1 1 1
D unknown T =0.5p 0.615 0.940 0.990 0.995 1
T=p 0.865 0.985 1 1 1
T=15p 0.960 1 1 1 1
§=0.5 D known T =0.5p 0.105 0.805 0.950 0.805 0.930
T=p 0.285 0.880 0.940 1 0.975
T=15p 0.895 0.975 1 1 1
D unknown T =0.5p 0.065 0.765 0.930 0.780 0.910
T=p 0.280 0.880 0.940 1 0.975
T=15p 0.870 0.975 0.995 1 1

With the estimator B we may proceed as in Section 2.2 to
estimate the factor loading space and to recover the latent factor
process. However there is a distinctive new feature now: the
number of lags k used in defining both M in (5) and M in (7)
may tend to infinity together with m in order to achieve good
convergence rates.

Theorem 4.2. Let Conditions 2.1-2.2, 2.4 and 4.2-4.5 hold, A > 1,
kT=1/2 = o(1), and m < TV@*+V_Suppose that r is known, and the
1 positive eigenvalues of M are distinct. Then

1A — Al
0P’ RYPT12 4 0P
if iy = o(pl_‘g) and pz‘s[l_cT_l + T(Z—ZM/(ZM—])] = o(1);
Op{pKZK;Z[I;]/ZT_l/Z + ]‘<—1T(1—A)/(2)~+1)]}’

if p'™0 = o(icy) and pPik KT~ 4 T3-29/24 )]
=o0(1).

From Theorem 4.2, the best convergence rate for A is attained
when we choose k < T/@*+V_The model with linear regression
considered in Section 2.3 corresponds to the cases with A = oo.
Note Theorem 4.2 implies that k < 1 should be used when A = co
and m is fixed in order to attain the best possible rates. This is
consistent with the procedures used in Section 2.2.

Now we comment on the impact of p on the convergence rate,
which depends critically on the factor strength § € [0, 1] specified
in Condition 2.4. To simplify the notation, let k1 < k, < x which s
a mild assumption in practice. Suppose p* T ~=*/*+1 — o(1) and
k =< TYV@+D Theorem 4.2 then reduces to

0 (p(ST—)\/(Z}H-l))7 ifk = O(pl—ﬁ);

A—Al,=1{7"
” ”2 {Op(pK]Tk/(ZA+]))7 ifp175 — O(K).

Ifkp=(17% — o0, there is an additional factor kp~(=* in the con-
vergence rate of ||A — Al|; than that under the setting kxp~('=% —

0, which implies that ||K — AJ|; converges to zero faster in the
case k = o(p'~?%). The dimension p must satisfy the condition
pdT(-M/@+D = (1), which is automatically fulfilled when § =
0, i.e. the factors are strong. However when the factors are weak in
the sense § # 0, p can only be in the order p = o(T*~D/{@A+Dd}y
to ensure the consistency in estimating the factor loading matrix.

Theorem 4.3. Let the condition of Theorem 4.2 hold. In addition, if

|| ¢ |l is bounded as p — o0, then

p~"?|IAR, — AXcll2 = Op(|A — Al + p~ /2 4 T~ F- /@2,
Comparing the above theorem with Theorem 2.2, it has one

more term T@~D/4+2 in the convergence rate. When the
dimension m is fixed and A = o0, it reduces to Theorem 2.2. On

the other hand, we can also consider the model (1) with diverging
number of regressors (i.e., m — 00). Noting Proposition 4.1 with
A = oo and using the same argument of Theorem 2.1, it holds that

IA — Al
Op{,%lps(,'(yz + ml/z)Tq/z}’
if ko = o(p' %) and p° (k% + m*) T2 = 0(1);
— Op{lz_lplecfz(l?/z + m]/z)T—uz}!
if p' ™ = o(k1) and pryic; 2 (k"2 + m"/2) T/
= o(1);

provided that m = o(T'/?) and k = o(T'/?). Theorem 2.1 can be
regarded as the special case of this result with fixed k and m. Note
that the best convergence rate for ||[A — A||, is attained under such
setting if we choose k =< m'/3.

5. Numerical properties

In this section, we illustrate the finite sample properties of the
proposed methods in two simulated models, one with a linear
regression term and one with a nonlinear regression term. For
the linear model, both stationary and nonstationary factors were
employed. In each model, we set the dimension of y; at p =
100, 200, 400, 600, 800 and the sample size T = 0.5p, p, 1.5p
respectively. For each setting, 200 samples were generated.

Example 1. Consider the linear model y; = Dz + AX; + &, in
which z; follows the VAR(1) model:

Z = (?;2 ;;g) 1 1€, (16)

where e, ~ N(0,L,). Let D be a p x 2 matrix of which the el-
ements were generated independently from the uniform distri-
bution U(—2, 2), x; be 3 x 1 VAR(1) process with independent
N(0, I3) innovations and the diagonal autoregressive coefficient
matrix with 0.6, —0.5 and 0.3 as the main diagonal elements. This
is a stationary factor process with r = 3 factors. The elements of A
were drawn independently from U(—2, 2) resulting a strong fac-
tor case with § = 0. Also we considered a weak factor case with
8 = 0.5 for which randomly selected p — |p'/?] elements in each
column of A were set to 0. Let &; be independent andAN(O, I,). To

show the impact of the estimated coefficient matrix D on the es-
timation for the factors, we also report the results from using the
true D. We report the results with k = 1 only, since the results
with 1 < k < 10 are similar. The relative frequency estimates of
P(r = r) are reported in Table 1. It shows that the defect in es-
timating r due to the errors in estimating D is almost negligible.
Fig. 1 displays the boxplots of the estimation errors D(.M(A),
M(A)). Again the performance with the estimated coefficient ma-

trix D is only slightly worse than that with the true D. When
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Fig. 2. Boxplots of p~'/2 ||ﬁ — D||r for Example 1 with endogeneity, and § = 0 (3 top panels) and 6 = 0.5 (3 bottom panels).

the factors are weaker (i.e. when § = 0.5), it is harder to esti-
mate both the number of factors and the factor loading space. All
those findings are in line with the asymptotic results presented in
Section 2.3.

Now we consider the case with the endogeneity. To this end,
we changed the definition for the regressor process z; in the above
setting. Instead of (16), we let

z1r = 0.1x1¢ + 0.1y, + 0.10,
Zor = 0.1xy, — 0.1u, + 0.1u,

where u; is an AR(1) process defined by u; = 0.5u;_; + €; and
€; ~ N(0, 1). The ordinary least squares estimator of D is no longer
consistent now. We employ two different instrument variables

w = (u, uH)Tand W, = (up, u?, u?, u})T, as they are correlated
with z; but uncorrelated with x; and &;. The estimation error for
D is measured by the normalized Frobenius norm p~2||D — D||r.
Setting R = I, for w; and the elements of R are generated from
U(—2, 2) for W, in (13), we computed first both the ordinary least
squares (OLS) estimates and the instrument variable method (IV)
estimates for D, and then the estimates for the number of factors
r and the factor loading matrix A based on, respectively, the two
sets of residuals resulted from the two regression estimation meth-
ods. The results are reported in Figs. 2 and 3 and Table 2 where
IV2 and IV4 represent the estimation using w; and W, respectively.
Those simulation results reinforce the findings in Section 3, which
indicate that the existence of the endogeneity has no impact in
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Table 2 ' _ ' identifying and in estimating the factor loading space. More pre-
Relative frequency estimates of P(f = r) for Example 1 with endogeneity. cisely, Fig. 2 shows that the errors p—l/2 ID — D||r for the OLS
p 100 200 400 600 800 method are unusually large, as it effectively estimates D* in (11)
V2 T=05p 0660 0885 0995 0995 1 instead of D. On the other hand, the IV method provides accurate
T=p 0.855 0990 1 1 1 estimates for D. However the differences of the two methods on
T=15 0960 1 1 1 1 the subsequent estimation for the number of factors r and the fac-
IvV4 T=05p 0590 0865 0975 0970 0.965 tor loading space M (A) are small; see Table 2 and Fig. 3. Since the IV
§=0 T=p 0.845 0970 0970 0990  0.985 method uses extra information, it tends to offer slightly better per-
T=15p 0930 0990 0980 0970 0975 P i ;
formance. Nevertheless Table 2 indicates that this improvement in
estimating r is almost negligible. Also, the results are not sensitive
OLS T=05p 058 0865 0990 1 1 : . .
T—p 0855 0980 1 1 1 to the choice of R as long as the instrument variables are properly
T=15p 0945 1 1 0995 1 selected. . _ _
Now we consider the model with nonstationary factors x;, =
T.
V2 T=05p 0280 0665 0625 0630 0620 315 Xo6, X30)
T=p 0.600 0715 0980 1 1
T=15p 0550 0980 0990 1 1 X0 —2t/T = 0.8(x17—1 — 2t/T) +evr,  x20 = 3t/T,
IV4 T=05p 0205 0570 0550 0.605 0.550 10 (17)
5§=05 T=p 0510 0650 0890 0960 0.925 X3¢ = X3¢ 1+ —e€31,
T=15p 058 0915 0950 0935 0940 T
where ¢; ; are independent and N (0, 1). The other settings are the
OLS ; =05p 8;;2 8'47182 (11635 ?'625 8'3‘9“5) same as the first part of this example. The results are reported in
T ;‘; 5p 0630 0955 1 1 0.995 Table 3 and Fig. 4. The patterns are similar to those in Table 1 and
Fig. 1, except that for a fixed p, the performance does not necessar-
ily improve when the sample size T increases; see Fig. 4. This is due
Table 3
Relative frequency estimates of P(f = r) for Example 1 with nonstationary factors.
p 100 200 400 600 800
§=0 D known T=0.5p 0.155 0.525 0.855 0.925 0.970
T=p 0.465 0.800 0.940 0.990 0.990
T=15p 0.625 0.890 0.995 0.985 1
D unknown T =0.5p 0.110 0.525 0.835 0.920 0.970
T=p 0.430 0.780 0.940 0.990 0.990
T=15p 0.595 0.890 0.995 0.985 1
5§=05 D known T =0.5p 0 0.070 0.175 0.385 0.525
T=p 0.025 0.235 0.535 0.705 0.765
T=15p 0.145 0.475 0.740 0.815 0.860
D unknown T=0.5p 0 0.055 0.160 0.380 0.520
T=p 0.025 0.215 0.520 0.685 0.760
T=15p 0.125 0.465 0.740 0.805 0.850




J. Chang et al. / Journal of Econometrics 189 (2015) 297-312 305

p=100 p =400 p =800
< < | <
e O Oracle © O Oracle i O Oracle
O Real O Real O Real
o o o
S o o
L ==
T - Enatin i alifin ol - - ERNS ——
=== === = — —— —_
< | < | =
< T T T < T T < T T T
T=50 T=100 T=150 T=200 T=400 T=600 T=400 T=800 T=1200
p=100 p =400 p =800
< < | < |
e O Oracle © O Oracle i O Oracle
O Real O Real O Real
N N N
o o o
= e —
= - =3 - =
- = == T - — T - -
- === =5 ==
< | < | =
< T T T < T T T < T T T
T=50 T=100 T=150 T=200 T=400 T=600 T=400 T=800 T=1200

Fig. 4. Boxplots ofD(M(K), M(A)) for Example 1 with nonstationary factors, and § = 0 (3 top panels) and § = 0.5 (3 bottom panels). Errors obtained using true D are

marked with ‘oracle’, and using D are marked with ‘real’.

Table 4
Relative frequency estimates of P(f = r) for Example 2 (with nonlinear regression).
p 100 200 400 600 800
§=0 g known T =0.5p 0.780 0.865 0.965 0.975 0.985
T=p 0.840 0.920 0.990 1 1
T=15p 0.820 0.990 1 1 1
g unknown T =0.5p 0.750 0.860 0.955 0.975 0.980
T=p 0.830 0.890 0.990 1 1
T=1.5p 0.780 0.990 1 1 1
§ =05 g known T =0.5p 0.270 0.665 0.725 0.430 0.650
T=p 0.390 0.700 0.850 0.810 0.800
T=1.5p 0.390 0.720 0.885 0.960 1
g unknown T =0.5p 0.260 0.625 0.665 0.390 0.600
T=p 0.390 0.655 0.760 0.810 0.795
T=15p 0.335 0.700 0.875 0.950 1

to the nonstationary nature of the factors defined in (17): new ob-
servations bring in the information on the new and time-varying
underlying structure as far as the factor processes are concerned.

Example 2. We now consider a model with nonlinear regression
function. Let u; = u, be a univariate AR(1) process defined by
u; = 0.5u,_; + e, with independent N(0, 1) innovations e;. The
nonlinear regression function g(u;) = (g1(ue), ..., gp(ut))T was

defined as
M
exp(o; "Ur) , p
gilu) = ——————, i=1...3
1+ exp(o; uy) 2
and gi(u,) = sin(a”uy), i=§+1,..., P,

where the parameters ozi“) were drawn independently from

N(0, 4), and ozi(z) were drawn independently from U(—2, 2) re-
spectively. We used the same A, X; and &; as in the first part of
Example 1.

We used the polynomial expansion to approximate g(u;),
ie gi(u) ~ Zj";] di jli(ue) with Li(ue) = u’f], where the order m
was set as |2T"/% |. We obtained d; ; by the least square estimation.

PUtB(u) = @ (o), -, &))" for giu) = ™, digly(uy). The

residuals 7, = y; —g(u,) were then used to estimate the latent fac-
tors. We set k = |2T'/%|; see Theorem 4.2. The simulation results
are reported in Table 4 and Fig. 5, which present similar patterns
as in the first part of Example 1.

6. Real data analysis

We illustrate our method by modeling the daily returns of
123 stocks from 2 January 2002 to 11 July 2008. The stocks were
selected among those contained in the S&P500 which were traded
everyday during this period. The returns were calculated based on
the daily close prices. We have in total T = 1642 observations with
the dimension p = 123. This data has been analyzed in Lam and
Yao (2012). They identified two factors under a pure factor model
setting, i.e. model (1) with z; = 0. Furthermore the estimated
factor loading space contains the return of the S&P500. Hence it
can be regarded as one of the two factors. Since the S&P500 index
is often viewed as a proxy of the market index, it is reasonable to
take its return as a known factor z; in our model (1). We calculated
the ordinary least square estimator for the regression coefficient
matrix D which is now a 123 x 1 vector with each element
representing the impact of the S&P500 index to the return of the
corresponding stock. As all the estimated elements are positive,
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Fig. 6. The estimated eigenvalues (multiplied by 108), the ratio of eigenvalues

indicating the positive correlations between the returns of market
index and the those 123 stocks. R

Fig. 6 displays the first 30 eigenvalues of M, defined as in (6)
with k = 1, sorted in the descending order. The ratio of A, /A; in
the right panel indicates that there is only one latent factor. Varying
k between 1 and 20 did not alter this result. Fig. 6(c) shows that

, the estimated latent factor and the S&P500 returns in 2 January 2002-11 July 2008.

the sparks of the estimated factor process occur around 22 July,
2002, which is consistent with the oscillations of S&P500 index,
although the S&P500 are less volatile. The autocorrelations of the
estimated factors 5/? (y: — Dz,), where % is the unit eigenvector of

M corresponding to its jth largest eigenvalue, are plotted in Fig. 7
forj = 1, 2, 3. The autocorrelations of the first factor is significant
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Fig. 7. The ACFs of the first three estimated factors.

non-zero. On the other hand, there are hardly any significant non-
zero autocorrelations for both the second and the third factors.

To gain some appreciation of the latent factor, we divide
the 123 stocks into eight sectors: Financial, Basic Materials,
Industrial Goods, Consumer Goods, Healthcare, Services, Utilities
and Technology. We estimated the latent factor for each of those
eight sectors. Those estimated sector factors are plotted in Fig. 8.
We observe that those estimated sector factors behave differently
for the different sectors. Especially the Basic Materials sector
exhibits the largest fluctuation. Consequently, we may deduce
that the oscillations, especially the sparks, of the estimated factor
in Fig. 6(c) are largely due to changes in the Basic Materials
sector. This is consistent with the relevant economics and finance
principles. Basic Materials sector includes mainly the stocks of
energy companies such as oil, gas, coal et al. The energy, especially
oil, is the foundation for economic and social development. Hence,
the changes in oil price are often considered as important events
which underpin stock market fluctuations, see, e.g. Jones and Kaul
(1996) and Kilian and Park (2009). During January 2002-December
2003, international oil price had a huge increase. It rose 19% from
the average in 2002. The 2003 invasion of Iraqg marks a significant
event as Iraq possesses a significant portion of the global oil
reserve. Hence, the returns of the Basic Materials sector oscillate
dramatically during that period. Among other sectors, Industrial
and Consumer Goods have similar behaviors. However, the returns
of both the sectors have little changes around zero, thus they have
little contributions to the estimated factor. The same arguments
hold for the Utilities sector. Also note that the returns for the
Financial, Healthcare, Services and Technology sectors are much
less volatile in comparison to that of the Basic Materials sector. We
may conclude that, the estimated factor mainly reflects the feature
of stocks in Basic Materials sector. The factor also contains some
market information about the Financial, Healthcare, Services and
Technology sectors, but less so on the Industrial Goods, Consumer
Goods and Utilities sectors.

We repeat the above exercise for another set of return datain 14
July 2008-11 July 2014 from the 196 stocks contained in S&P500.
Now T = 1510 and p = 196. The ratios of X;;1/A; shown in
Fig. 9(b) indicate that there is still only one latent factor, in addition
to S&P500. The estimated latent factor shown in Fig. 9(c) fluctuated
widely around 2009, which is consistent with the pronounced
decline the stock market due to the global financial crisis. While
the latent factor process seems to resemble the returns of S&P500
(see Figs. 9(c) and (d)), the two series are orthogonal with each
other (with the sample correlation coefficient equal to 0.00047).
The estimated factors for each of the eight sectors are plotted in
Fig. 10. In contrast to the findings in 2002-2008, all the eight
sectors contributed to the fluctuation around 2009, though the
financial sector was most predominant. The crisis caused by the

sharp down-turn of financial industry in early 2009 impacted all
sectors in the society.
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Appendix

Throughout the Appendix, we use Cs to denote generic
uniformly positive constants only depends on the parameters C;s
appear in the technical conditions which may be different in
different uses. Meanwhile, we denote Ax; by ¢,. We first present
the following lemmas which are used in proofs of the propositions
and theorems.

Lemma A.1. Under Conditions2.1-2.2, [|T~"Y"[_ {z:2] —E(z:Z))} |I¢
= 0,(mT~1/%).

Proof. Foranyi,j =1, ..., m, by Cauchy-Schwarz inequality and
Davydov inequality,
]

1 J
=12 ZE[{Zi,[Zj,t — E@zi1zi.0))?]
=

1d
EH ? Z{Zi,rzj,t - E(Zi,tlj,t)}
t=1

1
+ ﬁ Z E[{Zi,f]zj,fl - E(Zi,tlzj,fl)}{Zi.tzzj,fz - E(zi,fzzj,fz)}]

£ty

c C C¢
_ —_ _ 1-2/y e e 1-2/y
<stm tZ e Za(u) . (18)
1#t u=1

Then, E{||T~! Zle{ztz?—E(ztzI)}H,%} = 0(m?T~!) which implies
theresult. O

Proof of Proposition 2.1. Note that (D — D)T = (T~! ZLl z,2))7!
(T Y1, zenh) and Amin(T~' Y1_, 2] is bounded away from
zero with probability approaching one, which is implied by Condi-
tion 2.3 and Lemma A.1, then D — D||r = O,(IIT~" 3_1_, zen IF).
Foreachi = 1,...,mandj = 1,...,p, from cov(z;,n,) = 0
and similar to (18), we can obtain E{(T~! ZL] Zimie)?} < CT7L
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Fig. 8. The estimated latent part Ax, across different sectors.
Then, E{|T~' YI_, zy!|I2} = O(PT~"). Hence, [D — D[ =  Proof. For each k = o(T)
, t=1 2N llFr = . ) F = . = ,

Op(pl/ZT—l/Z). 0
R 1 Tk

(k) = 200 = —— > il = Neasdly)
Lemma A.2. Under Conditions 2.1-2.2, if k = o(T), then t=1

1 T—k
_ - ~ +—— ) e — EMepnd)}
IZ,(k) — Z,(0)llr = D —D[|¥1x + ID — Dllefax +Jak T—k; e e

- 1 T—kA B 1 T—k .
where E(?,) < Ckm*(T — k)~ + Cm2a(K)>7, E(2,) < A - Z’MWT - Znnf
t= t=

Ckpm(T — k)~' + Cpma(k)>~*/7 and E(J3 ) < Ckp*(T — k)~ S RIS SRS AT S A
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Fig.9. The estimated eigenvalues (multiplied by 108), the ratio of eigenvalues, the estimated latent factor and the S&P500 returns in 14 July 2008-11 July 2014.

As
R T—k
hi = (D—D)( — ,(;zf+,<zt><n D)’

T—k
+ D - D)< - Zt+k'lI>

t=1

T—k
( Z 71t+kzr>(D D),
then

ikllr < ID— l)||F

T—

E Zt+kz
=1

T—
E ZtJrk"t
E "t+kt
=1

+ 1D = De| =

+ 11D = Dl¢| =

Foranyi,j=1,...,m,

1 T—k 2
Ey| — Zi t4+kZj
{(T K ; i,t+k ],t) }

T—k

; 2
< 25<[m Z{Zi,t+k2j,r - E(Zi,t+kzj,t)}] )

t=1

+2 m[ax{E(Zi,wij,r)}z'

By Cauchy-Schwarz inequality and Davydov inequality,

1 Tk 5
E<|:m Z{Zikazj,t - E(Zi,t+kzj.r)}] )
t=1
1 T—k
B m Z E[{Zi,[+kzj,t - E(Z,',szj’t)}z]
t=1
1

+ T 2 i — B azia))
t1#t;
*X{zi,ty+12j,t, — E(Zi,ty+12i,6) 1]
C Ck Ck(k — 1) c T3 .y
= T—k T-—k (T — k)2 T_k UX:; a(u) Y (19)
and {Ezi;z.0))> < Ca(k)**7. Then, E[{(T — k)" Y 1_F

Zi [+kzj[}2] < CK(T — k)" + Ca(k)>=*7. Thus, E{|(T — k)~
Sifzepdl2) < ckm*(T — k™' + Cm oz(k)Z*‘W By the
same argument, we can obtain E{|[(T — k)~! Z[ 1 2! || } <
Ckpm(T — k)~ + Cpmar (k)27 and E{|(T — k)" 3{ 'h+klt|| 1
< Ckpm(T —k) ™"+ Cpma (k)*~ 4/Y Hence, ||I; illr = |D—DI[2,+
D — D||gJox where E(}) < Ckm*(T — k)~! + CmPa(k)>~*7
and E(J3 ) < Ckpm(T — k)~' + Cpmar(k)>~#/7. On the other hand,
similar to (19), we can obtain E(|[l, ¢[|2) < Ckp*(T — k)~'. For I3y,
we have E(||I3x[12) < E(||7|3). By Jensen inequality and Davydov
inequality, E(||5x]|?) < Cp?T~!. Following the same way, we have
both E(||I4x]|Z) and E(||I5 k[|2) can be bounded by Ckp?(T — k)~
Hence, we complete the proof. O

Lemma A.3. Under Condition 2.4, fork =1,...,k,
12,k )2 < Cp'~° + Ckey.
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Fig. 10. The estimated latent part AX, across different sectors.

Proof. Note that X, (k) = AX (kAT + X,.(k), then 1X,®) <
||A||§| X (k) |l2 + || Zxe (k)||2. From Condition 2.4, we complete the

proof. O

Lemma A.4. Under Conditions 2.1-2.4,
IM — M|z = 0,{(p"™* + k2)pT /% + p?T").

Proof. Note that

k
IM =M, < > 12,k — 2,013

k=1

k
+ZZ 12,2012, (k) — Zy ()2 = I + L.

k=1
By Lemmas A.2 and A.3, we can obtain
Lk Lk
h < 3ID DI Y Ji,+3ID=DIF ) J5,
k=1 k=1

k
+3) 1B =0T
k=1
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and

L

IA

k k k
2{ ID—DI?Y Jik+ID=Dlr > i+ Zfa,k}
k=1 k=1 k=1

x sup || Z, (k)2
1<k<k

0p{(p"™° + K2)pT 2},

Hence, we complete the proof. O

Lemma A.5. Under Condition 2.4,

>, if iy = o(p" %),

Ar(M) > {CK]Z, ipr’S = o(ky).

Proof. From (5), we know

k
hr(M) = Amm[Z{zx(kw + Ze (0} Z(OAT + zxa(k)f].
k=1

Foreachk=1,...,k,
Amin[{ Zx (AT + Ze ()N Z (AT + Zye (K)}']
)Mmin{zx(k) Ex(k)T}y
if kmax{zxs(k)zxa(k)-r} = O(Amin{zx(k)zx(k)-r}ﬁ

Amin{ Zxe (k) Zxe (k)T}»
if Amax{ Zx (k) X (k)T} = 0(Amin{ Zxe (k) Xy, (k)T})

Notice Condition 2.4, then
Amin[{ Zx (AT + e () HZ (AT + Zye (k)}']

2@V, ik =o'
Ci?, ifp'? = o(xy).

=

Hence, we complete the proof. O

Proof of Theorem 2.1. By Lemma A5, |[M — M|, = 0p{Ar (M)}
provided that either case (i) k; = o(p'~%) and p?T~! = 0(1) or (ii)
p'™® = o(k1) and k] *i;pT~? = o(1) hold. By Lemma 3 of Lam
etal.(2011), and using the same argument of the proof of Theorem

1 in their paper,

0,(° T,
ifky = o(p' %) and p?T~' = 0(1);
Op(y *1apT™172),
ifp'™ = o(icy) and «; *i;pT ™2 = o(1).

A —All2 =

Hence, we complete the proof. O
Proof of Theorem 2.2. Note that
A’X\[ _AX[ = AA Axt +mr€[ _Axt —l—m(ﬁt — ”t‘)
= (AA" — AA")Ax, +AA — A)Te,
+AATg, +7AKT@ -1,
=L+hL+5k5+1.
For I, [ = 2lIA — Alz|Ax > = 0,(p'?IA — All2). For

Ly ILl2 < IIA = Alzlledl, = 0,(p"?IA — Ally). For I3, as

E(I13) = Y E{@[e0)?}) < rAmax(Ze), then Iy = 0,(1). For
la, by Proposition 2.1, [[l4llz < [ID — Dl2lizell2 = Op(p*T~"/?).

Hence, p~'/2|AX; — AX[l» < O,(|A— Al +p~ "2 +T7"3). O

Proof of Theorem 2.3. Let X, (k) = (T —k) ™' Y11 cov(&eip» &o),
then X, (k) = AX,(k)A". Note that

tr{ X, (1)" (I, — AA") X (1)} = tr{Z,(1)" (I, — ATAATA) X, (1)}
> tr(l; — ATARTA)in{ Z(1) Z, (1)}

= r{D(MA), MA) Y Amin{ Zx(1) Ze(1)").
By Condition 2.4,
tr(Z, (), — ARD Z (1)} = ) D(M(B), M(A))}2.
At the same time,
tr{ X, (D' (1, — RAN X, (1)} — tr{Z, (1) (I, — AAT) =, (1)}
— tr{AZ,(1)"AT(AA" — AA")A X, (1)AT}
< Amax{AT(AAT — ARDA}tr{ (1) e (1))
< p*"V|AT(AAT — RAD)A| ;.
Note that tr{X; (1)"(I, — AAT) X (1)} = 0, then
{D(M(A), M(A)))? < C||AT(AAT — RAD)A] ;.
On the other hand, we have the following two inequality,
tr{Z, (1), — AA") X, (1)}
< r{D(MA), A} Amax{ Ex(1) Zx(D)T}
< P>V {D(M(A), M(A)))
and
tr{ ¢ (1)" (1, — AAD) 2 (1)}
> Amin{ Zx(1) Zx(1)"}tr{AT(AAT — ART)A}
> (p*'=V |AT(AAT — RAD)A| ;.
Hence,
{D(M(B), M(A)))? < |AT(AAT — ARDIA],.
Note that
AT(AAT —~AA)A=-A"(A—-A)A—A)'A+((A—A)(A—A),
then we complete the proof. O

Proof of Theorem 2.4. As (p'™° + k;)pT~/?logT — 0, then
M — M2 = op{A(M)}. Then supj—; _, [2; — A;(M)| < |[M —
M|, = 0p{A,(M)}. Foranyj <,

ey

xj+1 + (0" + k2)pT 2 log T X

= C>0.
A+ ("% + k2)pT~ /2 log T

For anyj > r, note that [M — M|y = 0,{(p"~ + k;)pT /2 log T}
which implies that [A;] = 0,{(p'™° + k2)pT /2 log T}, then

XLH + ("% + ky)pT 2 log T 2
A+ (@' + k)pT 2 log T

On the other hand,

x’rjl + (@' + k)pT 2 logT LA
Ar+ (P8 + 1)pT~ V2 1log T

Hence, the criterion implies a consistent estimator of r. O

> 0.

Proof of Proposition 3.1. Following the proof of Lemma A.1,
IT- 'S {zw! — E@wD}|lr = 0,(m'/2q"/2T~'/?). Note that
rank(R) = m and Condition 3.1, it yields Amin (T ' ;_, Z:W/R") is
bounded away from zero with probability approaching one. Hence,
following the proof of Proposition 2.1, we can obtain theresult. O

Proof of Proposition 4.1. Foreachi=1,...,p,
R 1 T -1 1 T
di—d; = <¥ Zm}) (f Z Ui,rzt>
t=1 t=1
1 T -1 1 T
+=) zz' - ez, ).
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Then,

~ 1 1 « 1
d; — di|2Amin| = 22 ) < |= itZ — € (Z
lId; ill2 mm<Tt_Z1 t r) = T;’?:,t t 2+HT; it Lt

Note that E(¢,|u;) = 0 and E(e;|u;) = 0, we have ||T~! Z[T:1 Nie
zily = 0,(m"2T~Y2) and T Y1, eiezells = IT7" Y1, Eei
z))|l, + 0,(m'2T~1/2), where 0,(m'/?T~"/2)s are uniformly for
i = 1,...,p.On the other hand, [|E(e;(z;)[|5 = O(m'~?*). Thus,
we complete the proof. O

2

Proof of Theorem 4.1. Let z = (I;(u), ..., l,(w)T. For eachi =
1,...,p,

gi(w) — gi(w
1T Ty
- zT<¥ Z ztzf> {T Z ze(eir + G + 8i,r)} — e
t=1 t=1

where g;(u) = d]z + e;. Hence,

/ Bw — g du
ueu

1< 1 -
< 2{ T Zzz(e“ + Gie + Si,t)} <¥ Zztz-{)
=1

t=1

1< -
X (/ 72 du) (* ZZtZ?> { Zzt(ei,t + Gie + Si,r)}
ucU T t=1 t=1

+Cm2*,

~| =

Let p(u,) be the density function of u; and pick v’ such that
Amax(fyeq 22" du) = [, v'zZ'V du, by Condition 4.1,

V'E(zez))v = / v'z,z{vp(u,) du,
ueuU

C / V'z,z{v du; = Chpay ( / zz" du).
ueuU ueU

From Condition 4.3, we Know Amax(fy., 22" du) < C which
implies

v

/ 8i(w) — gi(w)|* du < 0,(mT~") + 0(m~>").
ucU

The terms 0,(mT~') and O(m~%*) are uniformly fori = 1,...,p,
thus we complete the proof. O

Lemma A.6. For nonlinear regression model (14), under Condi-
tions 2.1, 2.2,4.2 and 4.5, if k = o(T), then

12, (k) — Z,(0)[lF = D = D|Z14 + D — D)z + sk

where E(J7,) < Ckm*(T — k™' + Cma()®>~*7, E(J7,) <
Ckpm(T — k)~! + Cpmac(k)*>~*¥ and E(J3,) < Ckp*(T — k)~ +
CpPm~%a(k)?=4/.

Proof. Noting sup, ||e|l.c = O(m™), similar to Lemma A.2, we
can obtain the result. 0O

Lemma A.7. Under Conditions 2.1-2.2, 2.4, 42-45, if mT~1/? =
o(1), kT='? = o(1) and A > 1, then

IM — M|, = 0,{(p'~° + i2)pl(kK*? + m)T~"/2 + m' ]}
+ Op{pZ[(l_cz + m2)T—1 + m272}\.]}.

Proof. Note that [M — M|, < ¥ _{IZ,k) — Z,®|2 +
201,202, (k) — X,()]2}. By Lemma A.6, we complete the
proof. O

Proof of Theorem 4.2. Note that m = O(T"/?**+1), then

IM =Mz = 0p{(p' ™" + k)p(R*T /2 4 TI-PEHD)
4 pP(RT ! 4 TG/ @ty

Similar to the proof of Lemma A.5, we have

Ckp*"=, if iy = o(p'’);

Ar(WD = {cfacf, ifp™ = o(cy).

Then, by Lemma A.7, [M — M||, = 0p{A-(M)} provided that either
(i) ko = o(p"?) and pP[kT~! + TE2M/@+D] = o(1) or (ii)
p'™% = o(ky) and pPicii; A[kT~1 + T@=2M/@FD] = o(1) hold.
Using the same argument of the proof of Theorem 2.1, we obtain
theresult. O

Proof of Theorem 4.3. Following the arguments of the proof of
Theorem 2.2, we can construct the result. O
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