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We propose a new method for identifying and estimating the CP-factor
models for matrix time series. Unlike the generalized eigenanalysis-based
method of Chang et al. (2023) for which the convergence rates of the associ-
ated estimators may suffer from small eigengaps as the asymptotic theory is
based on some matrix perturbation analysis, the proposed new method enjoys
faster convergence rates which are free from any eigengaps. It achieves this
by turning the problem into a joint diagonalization of several matrices whose
elements are determined by a basis of a linear system, and by choosing the
basis carefully to avoid near co-linearity (see Proposition 5 and Section 4.3).
Furthermore, unlike Chang et al. (2023) which requires the two factor load-
ing matrices to be full-ranked, the proposed new method can handle rank-
deficient factor loading matrices. Illustration with both simulated and real
matrix time series data shows the advantages of the proposed new method.

1. Introduction. The modern capacity for data collection has resulted in an abundance
of time series data, with those in high-dimensional matrix format increasingly prevalent
across diverse fields such as economics, finance, engineering, environmental sciences, med-
ical research, network traffic monitoring, image processing and others. The demand of mod-
eling and forecasting high-dimensional matrix time series brings the opportunities with chal-
lenges. Let Yt = (yi,j,t) be a p × q matrix recorded at time t, where yi,j,t represents the
value of, for example, the j-th variable on the i-th individual at time t. A popular approach
to model Yt in the existing literature is via the so-called Tucker decomposition, namely the
matrix Tucker-factor model. See, for example, Wang, Liu and Chen (2019), Chen, Tsay and
Chen (2020), Chen and Chen (2022), and Han et al. (2024a). It represents a high-dimensional
matrix time series as a linear combination of a lower-dimensional matrix process. The Tucker
decomposition can be viewed as a natural extension of the factor model for vector time series
considered in Lam and Yao (2012) and Chang, Guo and Yao (2015). Similarly we can only
identify the factor loading spaces (the linear spaces spanned by the columns of the factor
loading matrices) in the matrix Tucker-factor model while the factor loading matrices them-
selves are not uniquely defined. Parallel to the approaches based on Tucker decomposition,
Chang et al. (2023) and Han et al. (2024b) consider to model Yt via the so-called canon-
ical polyadic (CP) decomposition, namely the matrix CP-factor model. It provides a more
comprehensive dimensionality reduction as the dynamic structure of a matrix time series is
driven by a vector process rather than a matrix process. Furthermore the factor loading ma-
trices in the matrix CP-factor model can be identified uniquely up to the column reflection
and permutation indeterminacy under some regularity conditions.
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The CP-factor model for matrix time series Yt admits the form

(1) Yt =AXtB
⊤ + εt , t≥ 1 ,

where Xt = diag(xt) with xt = (xt,1, . . . , xt,d)
⊤ being a d × 1 time series, εt is a p × q

matrix white noise, and A= (a1, . . . ,ad) and B= (b1, . . . ,bd) are, respectively, p× d and
q × d constant matrices which are called factor loading matrices. See, for example, Chang
et al. (2023). Without loss of generality, we assume |aℓ|2 = 1 = |bℓ|2 for each ℓ= 1, . . . , d.
For matrix CP-factor model (1), we cannot observe (A,B,Xt,εt) and only assume 1≤ d <
min(p, q) is an unknown fixed integer. Based on the assumption rank(A) = d = rank(B),
Chang et al. (2023) proposes a one-pass estimation procedure for (d,A,B) which identifies
(A,B) uniquely up to the column reflection and permutation indeterminacy. In contrast to the
standard alternating least squares method and its variations (Han and Zhang, 2022; Han et al.,
2024b), the estimation procedure proposed in Chang et al. (2023) is based on solving some
generalized eigenequations and requires no iterations. Note that the incoherence conditions
imposed in Han and Zhang (2022) and Han et al. (2024b) also require both A and B to be
full-ranked. In fact those conditions imply that both {aℓ}dℓ=1 and {bℓ}dℓ=1 are two sets of
near-orthogonal vectors. We do not require such an incoherence condition in this paper.

In this paper, we investigate the identification issue of the CP-factor model (1) for matrix
time series without imposing the condition rank(A) = d= rank(B). Let

rank(A) = d1 and rank(B) = d2 .

Then 1 ≤ d1, d2 ≤ d. As the CP-decomposition for 3-way tensors often exhibits rank-
deficient factor loading matrices (Kolda and Bader, 2009), i.e., in model (1) it may hold that
max(d1, d2)< d. We identify the condition under which A and B are uniquely identifiable
up to the column reflection and permutation indeterminacy. Our setting allows all scenarios
in terms of the relationships among d1, d2 and d.

The proposed new estimation procedure consists of several steps (see Section 4). The key
idea is to transform the p×q matrix CP-factor model (1) to a (d1d2)-vector factor model, and
then to identify the columns of A and B by a joint diagonalization of several symmetric ma-
trices whose elements are determined by a basis, and in fact any basis, of a linear system (see
Proposition 5). Therefore, we can choose an appropriate basis to avoid near co-linearity such
that our estimator enjoys faster convergence rate than those eigenanalysis-based estimators
(see Section 4.3). Note that the convergence rates of the eigenanalysis-based estimators are
derived based on some matrix perturbation analysis, and may suffer from the adverse impact
of eigen-gap (i.e., the minimum pairwise gap among a set of eigenvalues). Our newly pro-
posed estimator is free from this adversity. For example, the convergence rate of the estimator
of Chang et al. (2023) can be formulated as the product of the rate of our new estimator and
the inverse of an eigen-gap (See Remark 2). Note that the eigen-gap typically diminishes to
0 when p or/and q diverge to infinity.

The rest of the paper is organized as follows. Section 2 gives preliminaries of the matrix
CP-factor model (1). A general identification strategy for the matrix CP-factor model is pre-
sented in Section 3. Section 4 provides a one-pass estimation procedure for (d1, d2, d,A,B).
Section 5 gives a unified prediction approach for the matrix CP-factor model. We investi-
gate the associated theoretical properties of the proposed method in Section 6. Numerical
results with simulation studies and real data analysis are given in Section 7. The R-function
CP_MTS for implementing our newly proposed method is available publicly in the HDTSA
package (Chang et al., 2024). All technical proofs and some additional simulation studies are
relegated in the supplementary material.

Notation. For a positive integer m, write [m] = {1, . . . ,m}, and denote by Im the
m×m identity matrix. Denote by I(·) the indicator function. For an m1 ×m2 matrix H=
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(hi,j)m1×m2
, let R(H) =max{k : any k columns of the matrix H are linearly independent},

and denote by M(H) the linear space spanned by the columns of H. Let ∥H∥2, ∥H∥F,
rank(H), λi(H), and σi(H) be, respectively, the spectral norm, Frobenius norm, rank, i-th
largest eigenvalue, and i-th largest singular value of matrix H. Specifically, if m2 = 1, we
use |H|1 =

Pm1

i=1 |hi,1| and |H|2 = (
Pm1

i=1 h
2
i,1)

1/2 to denote, respectively, the L1-norm and
L2-norm of the m1-dimensional vector H. Also, denote by H⊤ and H+, respectively, the
transpose and the Moore-Penrose inverse of H. The operator diag(·) stacks a vector into a
square diagonal matrix. Let ⊗ denote the Kronecker product, and ⊙ denote the Khatri-Rao
product such that Ȟ⊙ H̃= (ȟ1⊗ h̃1, . . . , ȟm⊗ h̃m) for any matrices Ȟ= (ȟ1, . . . , ȟm) and
H̃= (h̃1, . . . , h̃m). Moreover, for any two sequences of positive numbers {τk} and {τ̃k}, we
write τk ≍ τ̃k if τk/τ̃k = O(1) and τ̃k/τk = O(1) as k →∞, and write τk ≪ τ̃k or τ̃k ≫ τk
if limsupk→∞ τk/τ̃k = 0. To simplify our presentation, for a matrix H = (hi,j)m1×m2

, we
write H⃗ or vec(H) as an (m1m2)-dimensional vector with the {(j − 1)m1 + i}-th element
being hi,j , and for a tensor H = (hi,j,k,l)m1×m2×m3×m4

, we write H⃗ as an (m1m2m3m4)-
dimensional vector with the {(i− 1)m2m3m4 + (j− 1)m3m4 + (k− 1)m4 + l}-th element
being hi,j,k,l.

2. Preliminary. Recall that, in the matrix CP-factor model (1), A and B are, respec-
tively, p × d and q × d matrices with rank(A) = d1 and rank(B) = d2, and d1, d2 ∈ [d].
Model (1) can be equivalently represented as

Y⃗t = (B⊙A)xt + ε⃗t , t≥ 1 ,

where B ⊙ A = (b1 ⊗ a1, . . . ,bd ⊗ ad) and xt = (xt,1, . . . , xt,d)
⊤. Condition 1(i) below

holds naturally. If rank(B ⊙ A) = d̃ < d, the matrix B ⊙ A has d̃ linearly independent
columns that span its column space. Therefore, we can find {bℓ1 ⊗ aℓ1 , . . . ,bℓd̃ ⊗ aℓd̃} with
some distinct ℓ1, . . . , ℓd̃ ∈ [d] such that they provide a basis for M(B⊙A). The remaining
columns of B ⊙ A can be expressed as linear combinations of this set of basis vectors.
Then B ⊙ A = (bℓ1 ⊗ aℓ1 , . . . ,bℓd̃ ⊗ aℓd̃)C̃ for some d̃ × d matrix C̃. Since (A,B,Xt)

are unobserved, we can reformulate Y⃗t in a new form Y⃗t = (B̃ ⊙ Ã)x̃t + ε⃗t with Ã =
(aℓ1 , . . . ,aℓd̃), B̃= (b̃ℓ1 , . . . , b̃ℓd̃) and x̃t = C̃xt. In this new form, the newly defined factor
loading matrices Ã ∈Rp×d̃ and B̃ ∈Rq×d̃ satisfy rank(B̃⊙Ã) = d̃. On the other hand, since
εt is a matrix white noise, Condition 1(ii) holds automatically.

CONDITION 1. (i) rank(B⊙A) = d. (ii) E(εt) = 0 for any t≥ 1, E(εt ⊗ εs) = 0 for
all t ̸= s, and E(xt,ℓεs) = 0 for any ℓ ∈ [d] and t≤ s.

When d1 = d2 = d, Chang et al. (2023) provides a one-pass estimator for (A,B) by solv-
ing some generalized eigenequations defined by the matrices

(2) ΣY,ξ(k) =
1

n− k

nX

t=k+1

E[{Yt −E(Ȳ)}{ξt−k −E(ξ̄)}] , k ≥ 1 ,

where Ȳ = n−1
Pn

t=1Yt, ξt is a scalar defined as a linear combination of the elements of
Yt, and ξ̄ = n−1

Pn
t=1 ξt. For example, we can select ξt as the first principal component of

Y⃗t.
Recall A+ and B+ are, respectively, the Moore-Penrose inverse of A and B. The key

requirement underlying the results of Chang et al. (2023) is A+A = B+B = Id, which
only holds when d1 = d2 = d. Hence, the estimation method of Chang et al. (2023) is not
applicable when min(d1, d2) < d. Note that the CP-decomposition for 3-way tensors can
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often exhibit rank-deficient factor loading matrices (Kolda and Bader, 2009), i.e., in model
(1) it may hold that min(d1, d2) < d or even max(d1, d2) < d. In this paper, we consider
a new approach which identifies (d,A,B) without the condition d1 = d2 = d. Furthermore
we propose a unified and more efficient one-pass estimation for (A,B) regardless they are
rank-deficient or not.

3. Identification of (A,B). We need to identify in model (1) the order d and the factor
loading pairs (a1,b1), . . . , (ad,bd). To carry out this task, we first introduce a reduced model
for a d1 × d2 matrix time series, and then identify d and the CP-factor loadings for the
reduced model via (i) a factor model for a vector time series, and (ii) a non-orthogonal joint
diagonalization of d symmetric matrices.

3.1. A reduced model. For a prescribed integer K > 1 and ΣY,ξ(k) specified in (2),
define

(3) M1 =

KX

k=1

ΣY,ξ(k)ΣY,ξ(k)
⊤ and M2 =

KX

k=1

ΣY,ξ(k)
⊤ΣY,ξ(k) .

Furthermore, due to Xt = diag(xt) with xt = (xt,1, . . . , xt,d)
⊤, we let

Gk = diag(gk) =
1

n− k

nX

t=k+1

E[{Xt −E(X̄)}{ξt−k −E(ξ̄)}] , k ∈ [K] ,

where X̄= n−1
Pn

t=1Xt. It follows from (1) and Condition 1 that

M1 =A

� KX

k=1

GkB
⊤BGk

�
A⊤ and M2 =B

� KX

k=1

GkA
⊤AGk

�
B⊤ .

Let G=
PK

k=1 gkg
⊤
k . Proposition 1 shows that d1 and d2 can be identified, repsectively, by

rank(M1) and rank(M2).

PROPOSITION 1. Let Condition 1 hold and all the main diagonal elements of G are
non-zero. The following two assertions hold.

(i) If max{R(G) + d2,R(B⊤B) + rank(G)}> d, then rank(M1) = d1.
(ii) If max{R(G) + d1,R(A⊤A) + rank(G)}> d, then rank(M2) = d2.

The conditions required in Proposition 1 are mild. Notice that all the main diagonal el-
ements of G are positive if all the components of some gk are non-zero with k ∈ [K],
which implies R(G) ≥ 1. For the scenario d1 = d2 = d, Proposition 1 holds automatically.
When min(d1, d2)< d, we suppose that d2 ≤ d1 without loss of generality. For the scenario
d2 < d1 = d, we only need to identify d2. Proposition 1(ii) holds automatically in this sce-
nario, which implies d2 could be identified trivially. For the scenario max(d1, d2) < d, by
Condition 1(i), we know aℓ ̸= 0 and bℓ ̸= 0 for each ℓ ∈ [d], which implies R(A⊤A) ≥ 1
and R(B⊤B)≥ 1. Proposition 2 proposes some sufficient conditions such that rank(G) = d,
which make Proposition 1 hold automatically. Define

Σx(k) =
1

n− k

nX

t=k+1

E[{xt −E(x̄)}{xt−k −E(x̄)}⊤] , k ∈ [K] ,

where x̄= n−1
Pn

t=1 xt. Write ξt =ω⊤Y⃗t and Σx,K = {Σ⃗x(1), . . . , Σ⃗x(K)} ∈Rd2×K .
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PROPOSITION 2. Assume that E(xt ⊗ ε⃗t−k) = 0 for any k ∈ [K] with K ≥ d2. If
ω⊤(B⊙A) ̸= 0 and rank(Σx,K) = d2, then rank(G) = d.

Due to aℓ ̸= 0 and bℓ ̸= 0 for each ℓ ∈ [d], the requirement ω⊤(B ⊙A) ̸= 0 is gener-
ally mild and can be satisfied by appropriately choosing a non-zero vector ω. If xt satis-
fies rank(Σx,K) = d2, and xt and ε⃗t−k are uncorrelated for k ∈ [K], Proposition 2 shows
that rank(G) = d. Combining with Proposition 1, it is reasonable to assume Condition 2,
which ensures M(M1) =M(A) and M(M2) =M(B), i.e., the information on the load-
ings {aℓ}dℓ=1 and {bℓ}dℓ=1 is, respectively, kept in M1 and M2.

CONDITION 2. rank(M1) = d1 and rank(M2) = d2.

Now perform the spectral decomposition for M1 and M2:

M1 =PD1P
⊤ and M2 =QD2Q

⊤ ,(4)

where D1 and D2 are, respectively, d1 × d1 and d2 × d2 full-ranked diagonal matrices,
P⊤P = Id1

and Q⊤Q = Id2
. As M(P) = M(M1) = M(A) and M(Q) = M(M2) =

M(B), then

A=PU and B=QV ,(5)

where U and V are, respectively, d1 × d and d2 × d matrices with unit column vectors.
Since P and Q are determined by the spectral decomposition (4), we only need to identify
(U,V) in order to identify (A,B). When d= 1, we may take a1 =A=P and b1 =B=Q.
Therefore only the non-trivial case with d≥ 2 will be considered in the sequel.

Define a d1 × d2 process Zt =P⊤YtQ. It follows from (1) and (5) that

Zt =UXtV
⊤ +∆t , t≥ 1 ,(6)

where ∆t =P⊤εtQ is a matrix white noise. This is a reduced form of the CP-factor model
(1) for the matrix time series Yt. We will identify (U,V) based on this reduced model.

3.2. A vector factor model. Recall Xt = diag(xt) with xt = (xt,1, . . . , xt,d)
⊤. It follows

from (6) that

(7) Z⃗t = (V⊙U)xt + ∆⃗t , t≥ 1 .

This is the standard factor model for vector time series considered by Lam and Yao (2012)
and Chang, Guo and Yao (2015). Note that B⊙A= (Q⊗P)(V ⊙U), where P ∈ Rp×d1

and Q ∈ Rq×d2 with rank(P) = d1 and rank(Q) = d2. By Condition 1(i), we know the
dimension of the factor loading space M(V⊙U) in (7) is d, as rank(V⊙U) = rank(B⊙
A) = d. Using the techniques developed in Chang, Guo and Yao (2015), we can identify d
and M(V⊙U) uniquely based on an eigenanalysis. More precisely, we can find a (d1d2)×d
matrix W, with W⊤W= Id, such that

(8) V⊙U≡ (v1 ⊗ u1, . . . ,vd ⊗ ud) =WΘ ,

where Θ is an unknown d×d invertible matrix with unit column vectors. Since the d columns
of W are the orthogonal basis of M(V⊙U), we can select W in (8) as an arbitrary (d1d2)×
d matrix such that W⊤W= Id and M(W) =M(U⊙V). In (8), different selections of W
will lead to different Θ. As we will show in Section 3.3, for any given W, the associated
rotation matrix Θ can be uniquely identified up to the column reflection and permutation
indeterminacy. Write

(9) C≡ (C⃗1, . . . , C⃗d) =WΘ≡ (W⃗1, . . . ,W⃗d)Θ ,
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where Cℓ and Wℓ are d1 × d2 matrices. We put the columns of both C and W in the form
of vectorized d1 × d2 matrices for some technical convenience which will be obvious soon.
It follows from (8) and (9) that C⃗ℓ = vℓ ⊗ uℓ, which implies uℓv

⊤
ℓ =Cℓ. Given W and its

associated rotation matrix Θ, the (d1d2)× d matrix C specified in (9) is uniquely identified,
which can be used to identify (U,V). See Proposition 3 for details.

PROPOSITION 3. Let Conditions 1 and 2 hold. Then matrices C1, . . . ,Cd specified in
(9) are all of rank 1 with the nonzero singular value equal to 1, and (uℓ,vℓ) are the unit
singular vectors of Cℓ for each ℓ ∈ [d].

3.3. A non-orthogonal joint diagonalization. For given W in (8), Proposition 3 implies
that the task of identifying (U,V) boils down to identifying Θ specified in (8) such that
C1, . . . ,Cd defined in (9) satisfying rank(Cℓ) = 1 for each ℓ ∈ [d]. By (9), it holds that

(10) Cℓ =

dX

i=1

θi,ℓWi and Wℓ =

dX

i=1

θi,ℓCi , ℓ ∈ [d] ,

where θi,j and θi,j denote, respectively, the (i, j)-th elements of Θ and Θ−1.
For any two matrices D= (di,j) and F= (fi,j) of the same size, define Ψ(D,F) to be a 4-

way tensor with the (i, j, k, ℓ)-th element di,kfj,ℓ + dj,ℓfi,k − di,ℓfj,k − dj,kfi,ℓ. By Theorem
2.1 of De Lathauwer (2006), for any matrix D ̸= 0, rank(D) = 1 if and only if Ψ(D,D) = 0.
Hence, by (10), for given W in (8), we know Θ= (θi,j) is the solution of

(11) 0=Ψ(Cℓ,Cℓ) =

dX

i,j=1

θi,ℓθj,ℓΨ(Wi,Wj) , ℓ ∈ [d] .

This is a set of quadratic equations. Consider a (d21d
2
2)× d(d+ 1)/2 matrix

Ω=

Ψ⃗(W1,W1), . . . , Ψ⃗(W1,Wd), Ψ⃗(W2,W2), . . . , Ψ⃗(Wd,Wd)

�
.(12)

Proposition 4 is instrumental in solving those quadratic equations.

PROPOSITION 4. Let d≥ 2 and Condition 2 hold. The following three assertions hold.

(i) rank(Ω)≤ d(d− 1)/2.
(ii) rank(Ω) = d(d−1)/2 if and only if the d(d− 1)/2 vectors Ψ⃗(C1,C2), . . . , Ψ⃗(C1,Cd),

Ψ⃗(C2,C3), . . . , Ψ⃗(Cd−1,Cd) are linearly independent.
(iii) Let ker(Ω) = {h ∈ Rd(d+1)/2 : Ωh = 0}. Then dim{ker(Ω)} = d if and only if

rank(Ω) = d(d− 1)/2.

Now assume rank(Ω) = d(d− 1)/2. Let hm = (hm1,1, . . . , h
m
1,d, h

m
2,2, . . . , h

m
d,d)

⊤, m ∈ [d],
be a set of basis vectors of ker(Ω). Recall Ψ(Cℓ,Cℓ) = 0 for any ℓ ∈ [d]. By (10), it holds
that

0=
X

1≤i≤j≤d

hmi,jΨ(Wi,Wj) =
X

1≤i≤j≤d

hmi,j

dX

k,ℓ=1

θk,iθℓ,jΨ(Ck,Cℓ)

=
X

1≤k<ℓ≤d

Ψ(Ck,Cℓ)
X

1≤i≤j≤d

(θk,iθℓ,j + θk,jθℓ,i)hmi,j .

By Proposition 4(ii), we have

(13)
X

1≤i≤j≤d

(θk,iθℓ,j + θk,jθℓ,i)hmi,j = 0 for all 1≤ k < ℓ≤ d .
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Let Hm be a d× d matrix with the (i, i)-th element being hmi,i for any i, and the (i, j)-th and
(j, i)-th elements being hmi,j/2 for any i < j. Based on (13), we know Γm ≡Θ−1Hm(Θ−1)⊤

is a diagonal matrix, i.e., we can find Θ−1 which diagonalizes jointly Hm =ΘΓmΘ⊤ for
each m ∈ [d].

It is also clear from (13) that the diagonal property is independent of the norms of row
vectors of Θ−1. Hence all the columns of Θ can be set as unit vectors. Proposition 5 shows
that Θ is invariant with respect to the choice of the basis vectors for ker(Ω). The avail-
able algorithms for this joint diagonalization include the joint approximate diagonalization
of Pham and Cardoso (2001), the fast Frobenius diagonalization of Ziehe et al. (2004), and
the quadratic diagonalization of Vollgraf and Obermayer (2006).

PROPOSITION 5. Let Condition 2 hold. For a given (d1d2)×d matrix W in (8) such that
W⊤W= Id and M(W) =M(U⊙V), if Ω defined in (12) satisfies rank(Ω) = d(d−1)/2,
then Θ in (8) can be uniquely identified by the non-orthogonal joint diagonalization Hm =
ΘΓmΘ⊤, m ∈ [d], up to the column reflection and permutation indeterminacy, and Θ is
invariant with respect to the choice of the basis vectors of ker(Ω).

Proposition 6 provides a sufficient condition under which rank(Ω) = d(d − 1)/2. Such
sufficient condition holds automatically when d1 = d2 = d, as then R(A) = R(B) = d.
When d1 ̸= d2, we assume d2 < d1 without loss of generality. For the scenario d2 < d1 = d,
since R(A) = d, Proposition 6 indicates that rank(Ω) = d(d− 1)/2 if R(B)≥ 2. Actually,
the requirement R(B) ≥ 2 is necessary for the identification of (A,B) when d2 < d1 = d.
Recall Y⃗t = (B⊙A)xt + ε⃗t. If R(B) = 1, since |bℓ|2 = 1 for each ℓ ∈ [d], we can assume
b2 = b1 without loss of generality. Let B̃=B and Ã= (ã1, . . . , ãd), where ãℓ = aℓ for any
ℓ ≥ 2, and ã1 = c1a1 + c2a2 for some nonzero constants c1, c2 such that |ã1|2 = 1. Select
Ξ= (ξi,j) with ξ1,1 = c1, ξ2,1 = c2, ξi,i = 1 for any 2≤ i≤ d, and ξi,j = 0 otherwise. Then
Yt can be also formulated by another matrix CP-factor model Y⃗t = (B̃⊙ Ã)Ξ−1xt + ε⃗t.

PROPOSITION 6. Let d≥ 2, and Conditions 1 and 2 hold. Then rank(Ω) = d(d− 1)/2
provided that R(A) + d2 ≥ d+ 2 and R(B) + d1 ≥ d+ 2.

By Propositions 3 and 5, if rank(Ω) = d(d− 1)/2, then U and V specified in (5) can be
uniquely defined up to the column reflection and permutation indeterminacy, which implies
A and B can be uniquely defined up to the column reflection and permutation indeterminacy.
For d≥ 2, Proposition 7 shows that the requirement rank(Ω) = d(d− 1)/2 is necessary for
identifying (A,B), and it is impossible to obtain the consistent estimators for (A,B) without
such requirement.

PROPOSITION 7. Let d≥ 2. Consider the following parameter space for the matrix CP-
factor model (1):

U =
�
(A,B) :A= (a1, . . . ,ad) and B= (b1, . . . ,bd) with |aℓ|2 = 1= |bℓ|2

for each ℓ ∈ [d], and rank(Ω)< d(d− 1)/2 with Ω defined as (12)
	
.

Write G = {(Ă, B̆) : Ă= (ă1, . . . , ăd) ∈Rp×d, B̆= (b̆1, . . . , b̆d) ∈Rq×d} for the class of all
measurable estimators of (A,B) based on the data {Yt}nt=1. Under Conditions 1 and 2, it
holds that

inf
(Ă,B̆)∈G

sup
(A,B)∈U

P
�
max{D(Ă,A),D(B̆,B)}≥ 1

8

�
≥ 1

2
,

where D(Ă,A) =maxℓ∈[d] |ăℓ − aℓ|2 and D(B̆,B) =maxℓ∈[d] |b̆ℓ − bℓ|2.
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4. Estimation. Based on Section 3, we can estimate d and (aℓ,bℓ) for ℓ ∈ [d] via the
following five steps:

Step 1. Based on (4), we can obtain the estimates for d1, d2, P and Q, denoted by d̂1, d̂2, P̂
and Q̂, respectively.

Step 2. Based on (7), we can obtain the estimates for d and W (the orthogonal basis of
M(V ⊙ U)) with replacing Zt by Ẑt = P̂⊤YtQ̂. Denote by d̂ and Ŵ the associated
estimators.

Step 3. With replacing W involved in (8) by Ŵ, we can use the joint diagonalization algo-
rithm mentioned in Section 3.3 to obtain Θ̂, the estimate of Θ involved in (8).

Step 4. Let Ĉ = (vec(Ĉ1), . . . ,vec(Ĉd̂)) = ŴΘ̂. For each ℓ ∈ [d̂], we select ûℓ and v̂ℓ,
respectively, as the unit eigenvectors corresponding to the largest eigenvalues of ĈℓĈ

⊤
ℓ

and Ĉ⊤
ℓ Ĉℓ. Based on Proposition 3, we can estimate (uℓ,vℓ) by (ûℓ, v̂ℓ) for each ℓ ∈ [d̂].

Step 5. Based on (5), we can estimate A and B, respectively, by Â = P̂(û1, . . . , ûd̂) and
B̂= Q̂(v̂1, . . . , v̂d̂).

Steps 4 and 5 are straightforward. More details of Steps 1–3 are given, respectively, in
Sections 4.1–4.3. Especially Step 3 involves a further rotation to improve the convergence
rate of the estimation. All the estimation is based on observations {Yt}nt=1.

4.1. Estimating d1, d2, P and Q. Let ξt be a prescribed linear combination of Yt (e.g.
the first principal component of Y⃗t), and K > 1 be a prescribed integer. Based on (3), we put

M̂1 =

KX

k=1

Tδ1{Σ̂Y,ξ(k)}Tδ1{Σ̂Y,ξ(k)
⊤} ,

M̂2 =

KX

k=1

Tδ1{Σ̂Y,ξ(k)
⊤}Tδ1{Σ̂Y,ξ(k)} ,(14)

where Tδ1(·) is a truncation operator with the threshold level δ1 ≥ 0, i.e., Tδ1(S) =
(si,jI(|si,j |≥ δ1)) for any matrix S= (si,j), and

(15) Σ̂Y,ξ(k) =
1

n− k

nX

t=k+1

(Yt − Ȳ)(ξt−k − ξ̄) , k ∈ [K] .

We set δ1 > 0 in (14) when pq ≥ n. Note that M̂1 is a p×p matrix, and M̂2 is a q× q matrix.
By Condition 2, we can estimate d1 and d2 by the eigenvalue-ratio based method (Chang,
Guo and Yao, 2015) as follows:

(16) d̂1 = argmin
j∈[p]

λj+1(M̂1) + c1,n

λj(M̂1) + c1,n
and d̂2 = argmin

j∈[q]
λj+1(M̂2) + c2,n

λj(M̂2) + c2,n

for some c1,n, c2,n → 0+ as n → ∞. The proposed eigenvalue-ratio based method here is
an extension of that in Lam and Yao (2012). Adding c1,n and c2,n is to avoid the technical
difficulties associated with handling potential “0/0” cases and can lead to consistent estimates
for d1 and d2. See Theorem 1 in Section 6 for details. In contrast, the eigenvalue-ratio based
method proposed in Lam and Yao (2012) without adding c1,n and c2,n only ensures that the
numbers of factors are not underestimated, without providing consistency.

Perform the spectral decomposition for the non-negative definite matrices M̂1 and M̂2.
Let P̂ be the p× d̂1 matrix of which the columns are the d̂1 orthonormal eigenvectors of M̂1

corresponding to its d̂1 largest eigenvalues, and Q̂ be the q× d̂2 matrix of which the columns
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are the d̂2 orthonormal eigenvectors of M̂2 corresponding to its d̂2 largest eigenvalues. Now
we are ready to reduce the original p× q process Yt to the d̂1 × d̂2 process

Ẑt = P̂⊤YtQ̂ , t≥ 1 .

4.2. Estimating d and W1, . . . ,Wd. Based on (7) and (8), we can reformulate (7) as
Z⃗t = Wx∗

t + ∆⃗t with x∗
t = Θxt. Hence, we can estimate a factor loading matrix W =

(W⃗1, . . . ,W⃗d) based on the method proposed in Lam, Yao and Bathia (2011), Lam and Yao
(2012) and Chang, Guo and Yao (2015). To do this, we put

M̂=

K̃X

k=1

Σ̂
Z⃗
(k)Σ̂

Z⃗
(k)⊤(17)

with a prescribed integer K̃ ≥ 1 and

Σ̂
Z⃗
(k) = (Q̂⊤ ⊗ P̂⊤)Tδ2{Σ̂Y⃗

(k)}(Q̂⊗ P̂) , k ∈ [K̃] ,(18)

where Tδ2(·) is a truncation operator with the threshold level δ2 ≥ 0, and

Σ̂
Y⃗
(k) =

1

n− k

nX

t=k+1

(Y⃗t − ¯⃗
Y)(Y⃗t−k − ¯⃗

Y)⊤ , k ∈ [K̃] ,

with ¯⃗
Y = n−1

Pn
t=1 Y⃗t. Analogous to (16), we can estimate d as

(19) d̂=

�
arg min

j∈[d̂1d̂2]

λj+1(M̂) + c3,n

λj(M̂) + c3,n

�
I(d̂1d̂2 ≥ 2) + I(d̂1d̂2 = 1)

for some c3,n → 0+ as n→∞. Furthermore we let Ŵ ≡ (vec(Ŵ1), . . . ,vec(Ŵd̂)) be the
(d̂1d̂2) × d̂ matrix of which the columns are the d̂ orthonormal eigenvectors of M̂ corre-
sponding to its largest d̂ eigenvalues.

REMARK 1. We can also consider an alternative two-stage procedure to estimate d and
W in Step 2. Notice that Y⃗t = (B⊙A)xt + ε⃗t for t≥ 1. We can firstly obtain the estimates
of d and T (the orthogonal basis of M(B⊙A)), denoted by d̂ and T̂, based on the method
proposed in Lam, Yao and Bathia (2011), Lam and Yao (2012) and Chang, Guo and Yao
(2015). Recall V⊙U= (Q⊗P)⊤(B⊙A) and W is an orthogonal basis of M(V⊙U).
Based on (P̂, Q̂), the estimates of P and Q obtained in Step 1, we can then estimate W by
(Q̂⊗ P̂)⊤T̂. Figure S1 in the supplementary material shows that, although this alternative
two-stage approach yields estimation errors nearly identical to those of our proposed method,
it is considerably more computationally expensive when p and q are large. This is because
the first stage of this alternative approach requires an eigen-decomposition of a (pq)× (pq)

matrix defined based on the sample auto-covariance matrices of {Y⃗t}nt=1, whereas Step 2 of
our proposed method only involves an eigen-decomposition of a (d̂1d̂2)×(d̂1d̂2) matrix. This
indicates that our proposed method can significantly reduce the computational complexity,
especially in high-dimensional settings.

4.3. Estimating Θ via joint diagonalization. For 4-way tensor Ψ(·, ·) defined in Section
3.3, we define a (d̂21d̂

2
2)× d̂(d̂+ 1)/2 matrix Ω̂ as follows:

Ω̂=

Ψ⃗(Ŵ1,Ŵ1), . . . , Ψ⃗(Ŵ1,Ŵd̂), Ψ⃗(Ŵ2,Ŵ2), . . . , Ψ⃗(Ŵd̂,Ŵd̂)

�
,(20)
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which is an estimate of Ω defined as in (12). Let

(21) h̃m = (h̃m1,1, . . . , h̃
m
1,d̂

, h̃m2,2, . . . , h̃
m
d̂,d̂

)⊤ , m ∈ [d̂] ,

be the right-singular vectors of Ω̂ corresponding to the d̂ smallest singular values. Such se-
lected {h̃m}d̂m=1 provides the estimate for a basis of ker(Ω). By Proposition 5, an estimator
for Θ can be obtained by the joint diagonalization of H̃1, . . . , H̃d̂, which are constructed in
the same manner as Hm with hm replaced by h̃m. See the statement below (13).

Though Θ can be uniquely identified by any set of basis {hm}dm=1 of ker(Ω) (see Propo-
sition 5), the accuracy of its estimator depends on the choice of {hm}dm=1 sensitively. Moti-
vated by Proposition 8 at the end of this section, a good choice is to rotate the basis vectors
{h̃m}d̂m=1 in (21) first. More specifically, let (ĥ1, . . . , ĥd̂) = (h̃1, . . . , h̃d̂)Π̂ with

Π̂= {2(Υ̂⊤
0 Υ̂2)(Υ̂

⊤
1 Υ̂2 + Υ̂⊤

2 Υ̂1)
−1(Υ̂⊤

2 Υ̂0)}−1/2 ,

where

Υ̂0 =

vec(H̃1), . . . ,vec(H̃d̂)

�
, Υ̂1 =


vec(H̃−1H̃1), . . . ,vec(H̃−1H̃d̂)

�
,

Υ̂2 =

vec(H̃1H̃

−1), . . . ,vec(H̃d̂H̃
−1)

�
, H̃=

d̂X

m=1

ϕmH̃m

for some d̂-dimensional vector (ϕ1, . . . ,ϕd̂)
⊤ ̸= 0 such that H̃ is invertible. Section 7.1 spec-

ifies how to select (ϕ1, . . . ,ϕd̂)
⊤ in practice. Define Ĥ1, . . . , Ĥd̂ in the same manner as Hm

but with replacing hm by ĥm. Utilizing the fast Frobenius diagonalization algorithm intro-
duced by Ziehe et al. (2004), we can obtain the non-orthogonal joint diagonalizer Φ for
Ĥ1, . . . , Ĥd̂ such that all the columns of Φ−1 are unit vectors. Then, Θ involved in (8) can
be estimated by Θ̂=Φ−1.

Now we give some illustrations on how the set of basis {hm}dm=1 of ker(Ω) used to
identify Θ affects the convergence rate of the associated estimator of Θ based on the non-
orthogonal joint diagonalization. Recall

Hm =Θdiag(γ1,m, . . . ,γd,m)Θ⊤, m ∈ [d] .

By Theorem 3 of Afsari (2008), the convergence rate of the estimator for Θ based on the fast
Frobenius diagonalization algorithm is bounded by

η(h1, . . . ,hd)

1− ρ2(h1, . . . ,hd)
×Kn(d,Θ) ,

where Kn(d,Θ) is a universal quantity only depending on (n,d,Θ), and

ρ(h1, . . . ,hd) = max
k,ℓ∈[d]:k ̸=ℓ

|Pd
m=1 γk,mγℓ,m|

(
Pd

m=1 γ
2
k,m)1/2(

Pd
m=1 γ

2
ℓ,m)1/2

,

η(h1, . . . ,hd) = max
k,ℓ∈[d]:k ̸=ℓ

�
1

Pd
m=1 γ

2
ℓ,m

+
1

Pd
m=1 γ

2
k,m

�
.(22)

Ideally we should choose {hm}dm=1 such that ρ(h1, . . . ,hd) = 0 and η(h1, . . . ,hd) as small
as possible. For any given set of basis {hm}dm=1 of ker(Ω), Proposition 8 indicates that we
should replace {hm}dm=1 by its rotation {h∗

m}dm=1 such that (h∗
1, . . . ,h

∗
d) = (h1, . . . ,hd)Π

with

Π= {2(Υ⊤
0Υ2)(Υ

⊤
1Υ2 +Υ⊤

2Υ1)
−1(Υ⊤

2Υ0)}−1/2 ,
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where

Υ0 =

vec(H1), . . . ,vec(Hd)

�
, Υ1 =


vec(H−1H1), . . . ,vec(H−1Hd)

�
,

Υ2 =

vec(H1H

−1), . . . ,vec(HdH
−1)

�
, H=

dX

m=1

ϕmHm(23)

for some d-dimensional vector (ϕ1, . . . ,ϕd)
⊤ ̸= 0 such that H is invertible.

PROPOSITION 8. ρ(h∗
1, . . . ,h

∗
d) = 0 and η(h∗

1, . . . ,h
∗
d) = 2.

5. Prediction. Given observations {Yt}nt=1, we can also use the matrix CP-factor model
(1) to forecast the future values Yn+h for h ≥ 1. More specifically, we can predict Yn+h

by recovering the latent process {Xt}nt=1. Let L̂ = B̂ ⊙ Â with Â ∈ Rp×d̂ and B̂ ∈ Rq×d̂

being, respectively, the estimates of the factor loading matrices A and B in the matrix CP-
factor model (1). If rank(L̂) = d̂, we can recover Xt by X̂t = diag(x̂t) with x̂t = L̂+Yt =

(x̂t,1, . . . , x̂t,d̂)
⊤. In order to predict Yn+h, we only need to fit a d̂-dimensional multivariate

time series model for {x̂t}nt=1. Then we can predict Yn+h by Ŷn+h = Â
˜̂
Xn+hB̂

⊤ with
˜̂
Xn+h = diag(˜̂xn+h), where ˜̂xn+h is the h-step ahead forecast of x̂n+h based on the fitted
model for {x̂t}nt=1. Chang et al. (2023) uses this idea to predict Yn+h under the assumption
d1 = d2 = d based on the CP-refined estimate considered there for (A,B). Since the CP-
refined estimate (Chang et al., 2023) does not work if the assumption d1 = d2 = d is not
satisfied, we cannot select (Â, B̂) as the CP-refined estimate to recover Xt in these cases.
When d1 = d2 = d is not satisfied, if the factor loading matrices A and B can be uniquely
identified, we can select (Â, B̂) as our newly proposed estimate specified in Section 4, and
use the same idea to predict Yn+h.

As shown in Proposition 7, if rank(Ω)< d(d−1)/2, the factor loading matrices A and B
cannot be uniquely identified, which implies that we cannot recover Xt successfully. Hence,
above mentioned strategy for predicting Yn+h does not always work. A natural question is
that whether we can propose a unified prediction procedure for Yn+h based on the matrix
CP-factor model (1) without any assumption on the relationship among d1, d2 and d. By (5)
and (6), we have

Yt =PZtQ
⊤ + εt −PP⊤εtQQ⊤

| {z }
white noise

(24)

with Zt =P⊤YtQ. In order to predict Yn+h, we only need to predict Zn+h. For (P̂, Q̂,Ŵ)
specified in Sections 4.1 and 4.2, we define

x̂∗
t = Ŵ⊤vec(P̂⊤YtQ̂) , t ∈ [n] .

Proposition 9 in Section 6 indicates that such defined d̂-dimensional vector x̂∗
t provides a

recovery of E3x
∗
t , where x∗

t =Θxt, and E3 is an orthogonal matrix specified in Proposition
9. Hence, we can fit a d̂-dimensional vector time series model for {x̂∗

t }nt=1. Let ˜̂x∗
n+h be

the h-step ahead forecast of x̂∗
n+h. By (7) and Proposition 9, we know Ŵ˜̂x∗

n+h provides a
prediction of (E2 ⊗ E1)Z⃗n+h, where E1 and E2 are two orthogonal matrices specified in
Proposition 9. Let Ẑn+h satisfy vec(Ẑn+h) = Ŵ˜̂x∗

n+h. Applying Proposition 9 again, by
(24), we know Ŷn+h = P̂Ẑn+hQ̂

⊤ provides a prediction of Yn+h. This new prediction idea
only depends on the calculation of three matrices P̂, Q̂ and Ŵ. As we have discussed in
Sections 4.1 and 4.2, determining P̂, Q̂ and Ŵ only involves the spectral decomposition
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of M̂1, M̂2 and M̂, respectively, which does not require any additional assumption on the
relationship among d1, d2 and d. Hence, our newly proposed prediction strategy provides a
unified prediction procedure for Yn+h based on the matrix CP-factor model (1) regardless
of the relationship among d1, d2 and d. When the linear dynamic structure is concerned for
the latent process Xt, our numerical studies in Section 7.2 indicate that if the factor loading
matrices A and B can be uniquely identified, the finite-sample performance of our newly
proposed prediction method is almost identical to the prediction idea considered in Chang
et al. (2023) with selecting (Â, B̂) as our proposed estimate of (A,B) specified in Section
4. However, if the factor loading matrices A and B cannot be uniquely identified, our newly
proposed prediction method outperforms that of Chang et al. (2023).

6. Asymptotic properties. As we do not impose the stationarity on {Yt}, we use the
concept of “α-mixing” to characterize the serial dependence of {Yt} with the α-mixing
coefficients defined as

α(k) = sup
r

sup
A∈Fr

−∞,B∈F∞
r+k

|P(AB)− P(A)P(B)| , k ≥ 1 ,(25)

where Fs
r is the σ-filed generated by {Yt : r ≤ t≤ s}. Write

Σ
Y⃗
(k) =

1

n− k

nX

t=k+1

E[{Y⃗t −E( ¯⃗Y)}{Y⃗t−k −E( ¯⃗Y)}⊤] , k ≥ 1 ,

where ¯⃗
Y = n−1

Pn
t=1 Y⃗t. Define M=

PK̃
k=1ΣZ⃗

(k)Σ
Z⃗
(k)⊤ with K̃ given in (17) and

Σ
Z⃗
(k) =

1

n− k

nX

t=k+1

E[{Z⃗t −E( ¯⃗Z)}{Z⃗t−k −E( ¯⃗Z)}⊤] , k ≥ 1 ,

where ¯⃗
Z = n−1

Pn
t=1 Z⃗t. Following the arguments in Chang, Guo and Yao (2015), we can

identify d as d = rank(M), and select W⃗1, . . . ,W⃗d involved in (9) as the d orthonormal
eigenvectors of M corresponding to the d non-zero eigenvalues λ1(M)≥ · · ·≥ λd(M)> 0,
i.e., W⃗ℓ is the eigenvector associated with the eigenvalue λℓ(M) for ℓ ∈ [d]. We need the
following regularity conditions in our theoretical analysis.

CONDITION 3. (i) The nonzero singular values of B⊙A are uniformly bounded away
from zero. (ii) The nonzero eigenvalues of M1, M2 and M are uniformly bounded away from
zero.

CONDITION 4. (i) There exist some universal constants K1 > 0, K2 > 0 and r1 ∈ (0,2]
such that P(|yi,j,t| > x) ≤ K1 exp(−K2x

r1) and P(|ξt| > x) ≤ K1 exp(−K2x
r1) for any

x > 0, i ∈ [p], j ∈ [q] and t ∈ [n]. (ii) There exist some universal constants K3 > 0, K4 > 0
and r2 ∈ (0,1] such that the α-mixing coefficients α(k) defined as in (25) satisfy α(k) ≤
K3 exp(−K4k

r2) for k ≥ 1.

CONDITION 5. (i) There exists a universal constant K5 > 0 such that ∥ΣY,ξ(k)∥2 ≤
K5 for any k ∈ [K], and ∥Σ

Y⃗
(k)∥2 ≤ K5 for any k ∈ [K̃]. (ii) Write ΣY,ξ(k) =

(σ
(k)
y,ξ,i,j)p×q and Σ

Y⃗
(k) = (σ

(k)
i,j )pq×pq . There exists a universal constant ι ∈ [0,1) such that

Pq
j1=1 |σ

(k)
y,ξ,i1,j1

|ι ≤ s1,
Pp

i1=1 |σ
(k)
y,ξ,i1,j1

|ι ≤ s2,
Ppq

j2=1 |σ
(k)
i2,j2

|ι ≤ s3 and
Ppq

i2=1 |σ
(k)
i2,j2

|ι ≤
s4 for any i1 ∈ [p], j1 ∈ [q] and i2, j2 ∈ [pq], where s1, s2, s3 and s4 may, respectively,
diverge together with p and q.
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Condition 3 is used to simplify the presentation for the results. Our technical proofs indeed
allow the nonzero singular values of B⊙A, and the nonzero eigenvalues of M1, M2 and M
decay to zero as p and/or q grow to infinity. Condition 4 is also used in Chang et al. (2023),
which is a common assumption in the literature on ultrahigh-dimensional data analysis. See
Chang et al. (2023) for the discussion of their validity. We impose Condition 5(i) just for
simplifying the presentation. Our technical proofs indeed allow maxk∈[K] ∥ΣY,ξ(k)∥2 and
maxk∈[K] ∥ΣY⃗

(k)∥2 to diverge as p and/or q grow to infinity. Condition 5(ii) imposes some
sparsity requirement on ΣY,ξ(k) and Σ

Y⃗
(k). Under some sparsity condition on A and B,

applying the technique used to derive Lemma 5 of Chang, Guo and Yao (2018), we can show
that Condition 5(ii) holds for certain (s1, s2, s3, s4). Let

(26) Π1,n = (s1s2)
1/2

�
log(pq)

n

�(1−ι)/2

and Π2,n = (s3s4)
1/2

�
log(pq)

n

�(1−ι)/2

.

Theorem 1 shows that the eigenvalue-ratio based estimators d̂1, d̂2 and d̂ provide consistent
estimates for d1, d2 and d, respectively.

THEOREM 1. Let Conditions 1–5 hold. Select the threshold levels in (14) and (18) as

δ1 = C̆

r
log(pq)

n
and δ2 = C̃

r
log(pq)

n

for some sufficiently large constants C̆, C̃ > 0. For any (c1,n, c2,n, c3,n) given in (16) and (19)
satisfying Π1,n ≪ c1,n, c2,n ≪ 1 and max(Π1,n,Π2,n)≪ c3,n ≪ 1, it holds that

P(d̂1 = d1)→ 1 , P(d̂2 = d2)→ 1 and P(d̂= d)→ 1

as n→∞, provided that Π1,n + Π2,n ≪ 1 and log(pq)≪ nc for some constant c ∈ (0,1)
depending only on r1 and r2.

Proposition 9 states the asymptotic performance of P̂, Q̂ and Ŵ.

PROPOSITION 9. Let Conditions 1–5 hold. Select the threshold levels in (14) and (18)
as

δ1 = C̆

r
log(pq)

n
and δ2 = C̃

r
log(pq)

n

for some sufficiently large constants C̆, C̃ > 0. Assume that Π1,n +Π2,n ≪ 1 and log(pq)≪
nc for some constant c ∈ (0,1) depending only on r1 and r2. If (d̂1, d̂2) = (d1, d2), there exist
some orthogonal matrices E1 ∈Rd1×d1 and E2 ∈Rd2×d2 such that

∥P̂E1 −P∥2 =Op(Π1,n) = ∥Q̂E2 −Q∥2 .

Furthermore, if (d̂1, d̂2, d̂) = (d1, d2, d), there exists an orthogonal matrix E3 ∈ Rd×d such
that

∥(E2 ⊗E1)
⊤ŴE3 −W∥2 =Op(Π1,n +Π2,n) .

If the nonzero eigenvalues of M are distinct, E3 will be a diagonal matrix with its diagonal
elements being 1 or −1. For the trivial case d= 1, if (d̂1, d̂2, d̂) = (d1, d2, d), we have E1 =

±1 and E2 =±1. Following the discussion below (5), it holds in this trivial case that |ÂE1−
A|2 =Op(Π1,n) = |B̂E2−B|2 provided that Π1,n ≪ 1 and log(pq)≪ nc for some constant
c ∈ (0,1) depending only on r1 and r2. Note that P{(d̂1, d̂2, d̂) = (d1, d2, d)}→ 1 as n→∞.
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Hence, in the trivial case d = 1, (A,B) can be consistently estimated up to the reflection
indeterminacy. For the non-trivial case d≥ 2, the convergence rates of the estimation errors
for A and B will be shown in Theorem 2.

To present Theorem 2, we need to introduce some notation first. For (E1,E2,E3) speci-
fied in Proposition 9, let W̆ = (E2 ⊗E1)WE⊤

3 . Define Ω̆ in the same manner as Ω given
in (12) but with replacing W by W̆. Following the discussions of Propositions 5–7, the re-
quirement rank(Ω) = d(d− 1)/2 is crucial for the identification of (A,B) when d≥ 2. As
shown in Section D.3 in the supplementary material for the proof of Lemma 4, we know
rank(Ω̆) = rank(Ω). By Proposition 4(i), it holds that rank(Ω) = d(d− 1)/2 if and only if
λd(d−1)/2(Ω̆

⊤Ω̆)> 0. Note that Ω̆⊤Ω̆ is a {d(d+ 1)/2} × {d(d+ 1)/2} matrix. We require
the following mild condition in our theoretical analysis.

CONDITION 6. λd(d−1)/2(Ω̆
⊤Ω̆) is uniformly bounded away from zero.

Write Â = (â1, . . . , âd̂) and B̂ = (b̂1, . . . , b̂d̂), where (Â, B̂) are specified in Section 4.
Recall A= (a1, . . . ,ad) and B= (b1, . . . ,bd). Theorem 2 indicates that the columns of Â
and B̂ are, respectively, consistent to those of A and B up to the reflection and permutation
indeterminacy.

THEOREM 2. Let d≥ 2 and Conditions 1–6 hold. Select the threshold levels in (14) and
(18) as

δ1 = C̆

r
log(pq)

n
and δ2 = C̃

r
log(pq)

n

for some sufficiently large constants C̆, C̃ > 0. If (d̂1, d̂2, d̂) = (d1, d2, d), there exists a per-
mutation of (1, . . . , d), denoted by (j1, . . . , jd), such that

max
ℓ∈[d]

|κ1,ℓâjℓ − aℓ|2 =Op(Π1,n +Π2,n) =max
ℓ∈[d]

|κ2,ℓb̂jℓ − bℓ|2

with some κ1,ℓ,κ2,ℓ ∈ {1,−1}, provided that Π1,n + Π2,n ≪ 1 and log(pq)≪ nc for some
constant c ∈ (0,1) depending only on r1 and r2.

REMARK 2. The convergence rates of the estimates for aℓ and bℓ suggested in Chang
et al. (2023) are, respectively, (1 + ϑ−1

ℓ ) ·Op(Π̃1,n + Π̃2,n) and {1 + (ϑ∗
ℓ )

−1} ·Op(Π̃1,n +

Π̃2,n), where ϑℓ and ϑ∗
ℓ are the eigen-gaps defined as in Equation (38) of Chang et al. (2023),

Π̃1,n =Π1,n, and Π̃2,n = (s̃3s̃4)
1/2{n−1 log(pq)}(1−ι)/2. Here, s̃3 and s̃4 control the sparsity

of the matrix

ΣY̊(k) =
1

n− k

nX

t=k+1

E[{Yt −E(Ȳ)}⊗ vec{Yt−k −E(Ȳ)}] =:

σ
(k)
ẙ,r,s

�
(p2q)×q

in the sense that
Pq

s=1 |σ
(k)
ẙ,r,s|ι ≤ s̃3 and

Pp2q
r=1 |σ

(k)
ẙ,r,s|ι ≤ s̃4 for any r ∈ [p2q] and s ∈ [q].

Recall Π2,n = (s3s4)
1/2{n−1 log(pq)}(1−ι)/2 with (s3, s4) specified in Condition 5(ii). By

direct calculation, we have s3 ≤ ps̃3 and s̃4 ≤ ps4. Under some mild conditions, it holds that
s3s4 ≍ s̃3s̃4, which implies Π̃2,n ≍ Π2,n. Hence, if ϑℓ and ϑ∗

ℓ are uniformly bounded away
from zero, Theorem 2 indicates that our new estimators share the same convergence rates of
those proposed in Chang et al. (2023). If ϑℓ → 0 or ϑ∗

ℓ → 0, our new estimators will have
faster convergence rates than the estimators considered in Chang et al. (2023).
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REMARK 3. The model considered in Han et al. (2024b) for order 2 tensor is in the
same form as our CP-factor model (1). Therefore, the two estimation procedures proposed
in Han et al. (2024b), the composite PCA (denoted by cPCA) and the High-Order Projection
Estimators (denoted by HOPE), can also be used to estimate the loading matrices A and B
in our CP-factor model (1), where cPCA is a one-pass estimation and HOPE is an iterative
refinement initialized at the cPCA solution. Han et al. (2024b) assumes each latent factor
xt,ℓ = wℓft,ℓ where {ft,ℓ}t≥1 is stationary with E(f2

t,ℓ) = 1, and wℓ represents the signal
strength. Under the model setting of Han et al. (2024b), the latent factor process {xt,ℓ}t≥1 is
stationary for each ℓ ∈ [d]. Moreover, Han et al. (2024b) also assumes E(ft−h,ℓ1ft,ℓ2) = 0 for
all ℓ1 ̸= ℓ2 and h≥ 1, which implies E(xt−h,ℓ1xt,ℓ2) = 0 for all ℓ1 ̸= ℓ2 and h≥ 1. However,
these assumptions imposed on the latent factors are not necessary in our proposed method.
Write δ = ∥(B ⊙ A)⊤(B ⊙ A) − Id∥2, ψℓ = w2

ℓE(ft−h,ℓft,ℓ) with some fixed lag h ≥ 1,
and ψ∗ = minℓ∈[d+1](ψℓ−1 − ψℓ) with ψ0 =∞ and ψd+1 = 0. To simplify the comparison
between the theoretical results of Han et al. (2024b) and our proposed method, we ignore the
permutation indeterminacy among the estimators. Theorem 1 of Han et al. (2024b) shows
that the cPCA estimators âcpca

1 , . . . , âcpca
d , b̂cpca

1 , . . . , b̂cpca
d satisfy

max
ℓ∈[d]

{1− (a⊤
ℓ â

cpca
ℓ )2}1/2 +max

ℓ∈[d]
{1− (b⊤

ℓ b̂
cpca
ℓ )2}1/2

≲
�
1 +

2ψ1

ψ∗

�
δ+ψ−1

∗

�
max
ℓ∈[d]

w2
ℓ

r
logn

n
+

�
1 +max

ℓ∈[d]
wℓ

�r
pq

n

�

with probability at least 1− (nd)−C1 − e−pq , where C1 is a positive constant. Theorem 2 of
Han et al. (2024b) shows that, after a sufficient number of iterations, the HOPE estimators
âiso
1 , . . . , âiso

d , b̂iso
1 , . . . , b̂iso

d satisfy

max
ℓ∈[d]

{1− (a⊤
ℓ â

iso
ℓ )2}1/2 +max

ℓ∈[d]
{1− (b⊤

ℓ b̂
iso
ℓ )2}1/2 ≲ (ψ−1

d +ψ
−1/2
d )

r
max(p, q)

n

with probability at least 1− (nd)−C2 − e−p − e−q , provided that the cPCA estimators sat-
isfy certain convergence rates, where C2 is a positive constant. For our proposed estimators
â1, . . . , âd, b̂1, . . . , b̂d, due to 1− (â⊤

ℓ aℓ)
2 ≤ |κ1,ℓâℓ−aℓ|22 and 1− (b̂⊤

ℓ bℓ)
2 ≤ |κ2,ℓb̂ℓ−bℓ|22

for κ1,ℓ,κ2,ℓ ∈ {1,−1}, then

max
ℓ∈[d]

{1− (a⊤
ℓ âℓ)

2}1/2 +max
ℓ∈[d]

{1− (b⊤
ℓ b̂ℓ)

2}1/2 ≲Π1,n +Π2,n

with probability approaching one, where Π1,n and Π2,n are specified in (26). Hence, the two
estimation procedures proposed in Han et al. (2024b) can only work for pq ≪ n, while our
proposed method allows p, q ≫ n. More importantly, in order to obtain the consistency of
the cPCA estimators, we need to require B⊙A to be very close to an orthonormal matrix
(δ→ 0 as n→∞). However, such requirement may be too restrictive in practice. The larger
δ is, or the smaller ψ∗ is, the worse convergence rate of the cPCA estimators will be. Since
the HOPE estimators are obtained through an iterative refinement method initialized with the
cPCA estimators, the HOPE estimators will perform poorly if the cPCA estimators have large
estimation errors. However, the convergence rate of our proposed method does not depend
on these quantities.

Theorem 2 requires (d̂1, d̂2, d̂) = (d1, d2, d). By Theorem 1, we have P{(d̂1, d̂2, d̂) =
(d1, d2, d)}→ 1 as n→∞. Hence, such requirement is reasonable in our theoretical analy-
sis. More generally, without assuming (d̂1, d̂2, d̂) = (d1, d2, d), we can consider to measure
the difference between A= (a1, . . . ,ad) and Â= (â1, . . . , âd̂) by

(27) ϖ2(A, Â) =max
ℓ∈[d]

min
j∈[d̂]

(1− |â⊤
j aℓ|2) .
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Also, we can measure the difference between B= (b1, . . . ,bd) and B̂= (b̂1, . . . , b̂d̂) by

(28) ϖ2(B, B̂) =max
ℓ∈[d]

min
j∈[d̂]

(1− |b̂⊤
j bℓ|2) .

Consider the event G = {(d̂1, d̂2, d̂) = (d1, d2, d)}. Due to |âj |2 = 1 = |aℓ|2 and |κ1,ℓâjℓ −
aℓ|22 ≥ 2 − 2|â⊤

jℓ
aℓ| for any κ1,ℓ ∈ {1,−1}, restricted on G, Theorem 2 indicates that 1 −

|â⊤
jℓ
aℓ|2 ≤ 2(1− |â⊤

jℓ
aℓ|) =Op(Π

2
1,n +Π2

2,n) provided that Π1,n +Π2,n ≪ 1 and log(pq)≪
nc for some constant c ∈ (0,1) depending only on r1 and r2. Hence, restricted on G, for any
ϵ> 0, there exists some constant Cϵ > 0 such that P{ϖ2(A, Â)>Cϵ(Π

2
1,n +Π2

2,n) | G}≤ ϵ.
Together with Theorem 1, we have

P{ϖ2(A, Â)>Cϵ(Π
2
1,n +Π2

2,n)}

≤ P{ϖ2(A, Â)>Cϵ(Π
2
1,n +Π2

2,n) | G}P(G) + P(Gc)

≤ P{ϖ2(A, Â)>Cϵ(Π
2
1,n +Π2

2,n) | G}+ P(d̂1 ̸= d1) + P(d̂2 ̸= d2) + P(d̂ ̸= d)

≤ ϵ+ o(1)→ ϵ

as n→∞, which implies ϖ2(A, Â) = Op(Π
2
1,n + Π2

2,n). Also, we can show ϖ2(B, B̂) =

Op(Π
2
1,n +Π2

2,n).

7. Numerical studies. In this section, we will evaluate the finite-sample performance of
our proposed method by simulation and real data analysis. The simulation setup is given in
Section 7.1, and the analysis of the simulation results is presented in Section 7.2. The real
data analysis is given in Section 7.3.

7.1. Setting up. Let A† ≡ (a†i,j)p×d and B† ≡ (b†i,j)q×d with the elements drawn from
the uniform distribution on [−3,3] independently satisfying rank(A†) = d = rank(B†).
Define P ∈ Rp×d1 and Q ∈ Rq×d2 such that the columns of P and Q are, respectively,
the d1 and d2 left-singular vectors corresponding to the d1 and d2 largest singular val-
ues of A† and B†. Let U∗ = P⊤A† = (u∗

1, . . . ,u
∗
d) and V∗ = Q⊤B† = (v∗

1, . . . ,v
∗
d). De-

rive U = (u1, . . . ,ud) and V = (v1, . . . ,vd) with uj = u∗
j/|u∗

j |2 and vj = v∗
j/|v∗

j |2 for
any j ∈ [d]. Write x∗

j = (x∗1,j , . . . , x
∗
n,j)

⊤ and let x∗
1, . . . ,x

∗
d be d independent AR(1) pro-

cesses with independent N (0,1) innovations, and the autoregressive coefficients drawn from
the uniform distribution on [−0.95,−0.6] ∪ [0.6,0.95]. Let Xt = diag(xt,1, . . . , xt,d) with
xt,j = x∗t,j |v∗

j |2|u∗
j |2 for each t ∈ [n]. The elements of the error term εt are drawn from

N (0,1) independently. Finally, we generate Yt =AXtB
⊤+εt for any t ∈ [n] with A=PU

and B =QV. We set n ∈ {300,600,900}, d ∈ {3,5,7} and p, q taking values between 10
and 160. We consider three different scenarios for (d, d1, d2):

(R1) Let d1 = d2 = d. In this scenario, A and B are full rank.
(R2) Let d1 = d− 1 and d2 = d. In this scenario, only B is full rank.
(R3) Let d1 = d2 = d− 1. In this scenario, both A and B are not full rank.

We follow Chang et al. (2023) to specify ξt involved in (15). Let Y = (Y⃗1, . . . , Y⃗n)
⊤. Per-

form the principal component analysis for Y and select ξt as the average of the first m prin-
cipal components corresponding to the eigenvalues which count for at least 99% of the total
variations. Let σ̂2

0 = (npq)−1∥Y∥2F. We set δ1 = δ2 = σ̂0{n−1 log(pq)}1/2 in (14) and (18),
and set c1,n = c2,n = c3,n = σ̂0n

−1 in (16) and (19). We also choose K = 20 and K̃ = 10

with K and K̃ given in (14) and (17), respectively. Here, using a relatively large value for K
is to ensure that M1 and M2 defined in (3) satisfy rank(M1) = d1 and rank(M2) = d2. These
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two requirements are essential for our proposed method. See Propositions 1 and 2. As shown
in (17), K̃ is the number of lags used in the methods of Lam, Yao and Bathia (2011), Lam
and Yao (2012) and Chang, Guo and Yao (2015) to estimate the linear space spanned by the
columns of the factor loading matrix in the standard factor model. In practice, a small K̃ (i.e.,
1≤ K̃ ≤ 10) is enough and the estimation results are generally robust to the specific choice of
K̃ . See our sensitivity analysis with respect to the tuning parameters K and K̃ in Figures S2–
S5 of the supplementary material for more details. As mentioned in Section 4.3, we need to
select an appropriate constant vector ϕ= (ϕ1, . . . ,ϕd̂)

⊤ to ensure that H̃=
Pd̂

i=1 ϕiH̃i is an
invertible matrix with H̃i defined below (21). Let ϕi = I{σd̂(H̃i) = maxj∈[d̂] σd̂(H̃j) > 0}
for any i ∈ [d̂]. If |ϕ|1 = 0, we randomly generate a unit vector ϕ such that σd̂(H̃) > 0. If
|ϕ|1 ≥ 1, we arbitrarily keep one non-zero element in ϕ and set all other elements to zero.
The simulation results show that our proposed procedure based on such selected ϕ exhibits
good finite-sample performance. We also compare our proposed method with the refined
method (denoted by CP-refined) introduced by Chang et al. (2023), and the cPCA and the
HOPE methods proposed by Han et al. (2024b) with the recommended tuning parameter
h = 1 therein. All simulations are implemented in R. Our proposed method is available in
R-package HDTSA, which is implemented by calling the R-function CP_MTS with setting
method = ‘CP.Unified’. The CP-refined method of Chang et al. (2023) can also be
implemented by calling the R-function CP_MTSwith setting method = ‘CP.Refined’.
All simulation results are based on 2000 replications.

7.2. Simulation results . We first consider the finite-sample performance of the estima-
tion (d̂1, d̂2, d̂) given in (16) and (19). Note that the CP-refined method of Chang et al. (2023)
is developed under the assumption d1 = d2 = d. To fairly compare our proposed method and
the CP-refined method, we compare the relative frequency estimate of Pd := P(d̂= d) with d̂

specified in (19), and the relative frequency estimate of Pc := P(d̂= d) with d̂ estimated by
the CP-refined method. Note that P1,2,d := P{(d̂1, d̂2, d̂) = (d1, d2, d)}≤ Pd with (d̂1, d̂2, d̂)
estimated by our proposed method. Table 1 indicates that (i) our proposed method outper-
forms the CP-refined method across Scenarios R1–R3, and (ii) (d1, d2, d) can be consistently
estimated by our proposed method. To conserve space, we omit the results for p < q in Sce-
narios R1 and R3, as the symmetry in the data-generating process leads to results that are
nearly identical to those obtained when p > q.

Figure 1 reports the averages of the estimation errors ϖ2(A, Â) and ϖ2(B, B̂) defined
in (27) and (28) based on 2000 repetitions across different scenarios. Our proposed method
consistently outperforms all competing methods, except in Scenario R1 with p > q, where
it performs comparably to the HOPE method in estimating B. In contrast, the estimation
errors of the CP-refined method are very large in Scenarios R2 and R3, which indicates
that the CP-refined method does not work for the matrix CP-factor model (1) with rank-
deficient factor loading matrices A and B. Also, in Scenarios R2 and R3, the HOPE method
offers no notable improvement over the cPCA method and even underperforms the cPCA
method in some settings, suggesting that the iterative method HOPE is ineffective when the
factor loading matrices A and B are rank-deficient. Additionally, all methods lose efficiency
when (d, d1, d2) = (3,2,2) since (A,B) cannot be identified uniquely, but our proposed
method still yields the smallest estimation errors. The averages and standard deviations of
the estimation errors ϖ2(A, Â) and ϖ2(B, B̂) based on 2000 repetitions are summarized in
Tables S1–S4 in the supplementary material.

Next, we evaluate the finite-sample performance of our proposed prediction method intro-
duced in Section 5. We generate a sequence {Yt}n+m+1

t=1 defined in Section 7.1 with m= 20.
For any s ∈ [m], we apply our proposed prediction method to the data {Yt}n+s−1

t=s and then,
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respectively, obtain the one-step forecast of Yn+s (denoted by Ŷ
(1)
n+s) and the two-step fore-

cast of Yn+s+1 (denoted by Ŷ
(2)
n+s+1). We also consider the prediction method introduced

in Chang et al. (2023) to obtain the one-step ahead forecast of Yn+s and the two-step ahead
forecast of Yn+s+1 using (Â, B̂) estimated from the data {Yt}n+s−1

t=s for each s ∈ [m], where
(Â, B̂) can be selected as either (i) our proposed estimate of (A,B) specified in Section 4,
or (ii) the CP-refined estimate of (A,B) given in Chang et al. (2023). Here, for the obtained
univariate time series, we fit it by an autoregressive (AR) model with the order determined
by the Akaike information criterion (AIC). For the obtained multivariate time series, we fit
it by a vector autoregressive (VAR) model with the order determined by the AIC. Based on
2000 repetitions, Figure 2 plots the averages of the one-step ahead

RMSE :=
1

m
√
pq

mX

s=1

∥Ŷ(1)
n+s −Yn+s∥F .

It can be observed that (i) in all cases, the finite-sample performance of our newly proposed
prediction method is better than the prediction method introduced in Chang et al. (2023) with
selecting (Â, B̂) as the CP-refined estimate, (ii) in the cases expect (d, d1, d2) = (3,2,2),
the averages of the one-step ahead RMSE of our newly proposed prediction method are
almost identical to those of the prediction method introduced in Chang et al. (2023) with
selecting (Â, B̂) as our proposed estimate, and (iii) in the case (d, d1, d2) = (3,2,2), our
newly proposed prediction method outperforms the prediction method introduced in Chang
et al. (2023) with selecting (Â, B̂) as our proposed estimate. Note that the factor loading
matrices A and B cannot be uniquely identified in the case (d, d1, d2) = (3,2,2). Hence,
we can conclude that (i) when (A,B) can be uniquely identified, the prediction method
introduced in Chang et al. (2023) with selecting (Â, B̂) as our proposed estimate works quite
well, which has almost identical performance as our newly proposed prediction method; and
(ii) our newly proposed prediction method works very well regardless of whether (A,B) can
be uniquely identified or not. The results of two-step ahead forecasting are similar to that of
one-step ahead forecasting. See Figure S6 in the supplementary material for details.

7.3. Real data analysis. In this section, we illustrate the proposed method for the matrix
CP-factor model (1) by using the Fama-French 10× 10 return series. We collect the monthly
returns from January 1964 to December 2021, which contains 69600 observations for to-
tal 696 months. The data are downloaded from http://mba.tuck.dartmouth.edu/
pages/faculty/ken.french/data_library.html. The portfolios are formed
by the intersections of 10 levels of size, denoted by (S1, . . . ,S10), and 10 levels of the book
equity to market equity ratio (BE), denoted by (BE1, . . . ,BE10). The data contain a small
number of missing values in the early years and we transform them to zeros. Since all the
100 series are clearly related to the overall market condition, following Wang, Liu and Chen
(2019), we decide to remove the influence of market effects before empirical analysis. Two
filtering approaches are considered: (i) (CAPM filtering) fitting a standard CAPM model
(Fama and MacBeth, 1973) to each of the series to remove the market effect, (ii) (Demean
filtering) subtracting the corresponding monthly excess market return from each of the series.
The market return data are obtained from the same website above. Based on each filtering
approach, we finally obtain 100 market-adjusted return series. The 100 market-adjusted re-
turn series can be represented as a 10× 10 matrix time series Yt = (yi,j,t) for t ∈ [696] (i.e.,
p = q = 10, n = 696), where yi,j,t is the market-adjusted return at the i-th level of size Si
and the j-th level of the BE-ratio BEj at time t. Figure 3 shows the time series plots of the
market-adjusted return series {yi,j,t}nt=1 based on the CAPM filtering for i, j ∈ [10]. The rows
in Figure 3 correspond to the ten levels of size and the columns correspond to the ten levels of
the BE-ratio. All series are stationary because they reject the null hypothesis of Augmented
Dickey-Fuller test at 5% significance level.
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We evaluate the post-sample forecasting performance of our proposed method introduced
in Section 5 by performing the one-step and two-step ahead rolling forecasts for the 240
monthly readings in the last twenty years (2002–2021). To do this, we first use the data
{Yt}456t=1 to determine the rank parameters (d, d1, d2). With the tuning parameters selected as
those in Section 7.1, our proposed method obtains (d̂, d̂1, d̂2) = (2,2,1), which aligns with
the conventional scree plots of M̂1 and M̂2 given in Figures 4(a) and 4(b), respectively. We
adopt (d̂, d̂1, d̂2) = (2,2,1) in the rolling forecasts. For each s ∈ [240], we apply our proposed
prediction method to the data {Yt}455+s

t=s and then obtain the one-step forecast of Y456+s, de-
noted by Ŷ

(1)
456+s = (ŷ

(1)
i,j,456+s). For the two-step ahead forecast, we apply our proposed pre-

diction method to the data {Yt}454+s
t=s , and the two-step ahead forecast Ŷ(2)

456+s = (ŷ
(2)
i,j,456+s)

can be obtained by plug-in the one-step forecast into the fitted model. More specifically, for
each s ∈ [240], we fit the obtained 2-dimensional time series by a VAR model with the order
determined by the AIC. For comparison, we can also fit {Yt}455+s

t=s and {Yt}454+s
t=s by the

following methods and obtain the associated one-step and two-step ahead forecasts:

• (CP-refined) The CP-refined method of Chang et al. (2023) with the pre-determined pa-
rameter K = 10 therein. The associated rank in this method is estimated as d̂ = 1 based
on {Yt}456t=1 and then fixed in the rolling forecasts. Motivated by the scree plot in Figure
4(c), we also consider d̂= 2 as an alternative. For d̂= 1, we fit the obtained univariate time
series by an AR model with the order determined by the AIC. For d̂ = 2, we fit the ob-
tained 2-dimensional time series by a VAR model with the order determined by the AIC.
The methods with d̂ = 1 and d̂ = 2 are referred to as CP-refined(1) and CP-refined(2),
respectively.

• (cPCA, HOPE) The composite PCA and High-Order Projection Estimators in Han et al.
(2024b) with the recommended tuning parameter h= 1 therein. Following the same rank
specification strategy as in the CP-refined method, we consider both r̂ = 1 and r̂ = 2 for the
associated rank in these two methods. For r̂ = 1, we fit the obtained univariate time series
by an AR model with the order determined by the AIC. For r̂ = 2, we fit the obtained
2-dimensional time series by a VAR model with the order determined by the AIC. The
methods with r̂ = 1 are referred to as cPCA(1) and HOPE(1), while those with r̂ = 2 are
denoted as cPCA(2) and HOPE(2).

• (FAC) The matrix Tucker-factor model with the FAC method proposed by Wang, Liu and
Chen (2019) with the pre-determined parameter h0 = 1 as suggested therein. The associ-
ated ranks in this model are estimated as (k̂1, k̂2) = (1,1) by the ratio estimators suggested
therein based on {Yt}456t=1, and are fixed in the rolling forecasts. Motivated by the scree
plots in Figures 4(d) and 4(e), we also consider an alternative setting with (k̂1, k̂2) = (2,1).
For (k̂1, k̂2) = (1,1), we fit the obtained univariate time series by an AR model with the
order determined by the AIC. For (k̂1, k̂2) = (2,1), we fit the obtained 2-dimensional
time series by a VAR model with the order determined by the AIC. The methods with
(k̂1, k̂2) = (1,1) and (k̂1, k̂2) = (2,1) are referred to as FAC(1,1) and FAC(2,1), respec-
tively.

• (TOPUP, TIPUP) The Time series Outer-Product Unfolding Procedure and the Time series
Inner-Product Unfolding Procedure proposed by Han et al. (2024a) for the matrix Tucker-
factor model. The associated ranks in this model are estimated as (k̂1, k̂2) = (2,2) by the
information criterion considered in Han, Chen and Zhang (2022) based on {Yt}456t=1, and
are fixed in the rolling forecasts. We fit the obtained 4-dimensional time series by a VAR
model with the order determined by the AIC. The methods are implemented using the R
package tensorTS.

• (MAR) The matrix-AR(1) model of Chen, Xiao and Yang (2021).
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• (TS-PCA) Apply the principal component analysis for time series proposed by Chang,
Guo and Yao (2018) to the 100-dimensional time series {Y⃗t}455+s

t=s and {Y⃗t}454+s
t=s , re-

spectively, to obtain the associated one-step and two-step ahead forecasts. The method is
implemented using the R package HDTSA. For the obtained univariate time series, we fit it
by an AR model with the order determined by the AIC. For the obtained multivariate time
series, we fit it by a VAR model with the order determined by the AIC.

• (UniAR) Fit each of 100 component time series by an AR model with the order determined
by the AIC.

FIG 3. The time series plots of 100 market-adjusted returns formed on different levels of size (by rows) and book
equity to market equity ratio (by columns). The horizontal axis represents time and the vertical axis represents the
monthly returns.

For each s ∈ [240], the one-step ahead forecasting performance is evaluated by the
rRMSE(s) and rMAE(s) defined as

rRMSE(s) =
�

1

100

10X

i=1

10X

j=1

|ŷ(1)i,j,456+s − yi,j,456+s|2
�1/2

,

rMAE(s) =
1

100

10X

i=1

10X

j=1

|ŷ(1)i,j,456+s − yi,j,456+s| .

For the two-step ahead forecast, we can evaluate it by the associated rRMSE(s) and rMAE(s)
analogously. Table 2 reports the averages of {rRMSE(s)}240s=1 and {rMAE(s)}240s=1, de-
noted by rRMSE and rMAE, respectively. The standard deviations of {rRMSE(s)}240s=1 and
{rMAE(s)}240s=1 are reported in parentheses. As shown in Table 2, under CAPM filtering
(Panel A), our proposed method achieves the lowest rRMSE and rMAE for both one- and
two-step ahead forecasts, outperforming all competing methods. Under Demean filtering
(Panel B), although the HOPE(2) achieves the lowest rRMSE and rMAE, our proposed
method performs comparably and yields smaller standard deviations than the HOPE(2).
Overall, the results show that our proposed method delivers robust and accurate forecasts
across different market-adjustment schemes, often outperforming alternatives in both accu-
racy and stability.
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(a) Proposed method (M̂1) (b) Proposed method (M̂2) (c) CP-refined method

(d) FAC (column matrix) (e) FAC (row matrix)

FIG 4. Scree plots for our proposed method, the CP-refined method and the FAC based on {Yt}456t=1. The black
solid line represents the eigenvalues, while the blue dashed line indicates the ratios of adjacent eigenvalues.
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