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Abstract

We propose an autoregressive framework for modelling dynamic networks with dependent edges. It
encompasses models that accommodate, for example, transitivity, degree heterogenenity, and other
stylized features often observed in real network data. By assuming the edges of networks at each time are
independent conditionally on their lagged values, the models, which exhibit a close connection with
temporal exponential random graph models, facilitate both simulation and the maximum likelihood
estimation (MLE) in a straightforward manner. Due to the possibly large number of parameters in the
models, the natural MLEs may suffer from slow convergence rates. An improved estimator for each
component parameter is proposed based on an iteration employing projection, which mitigates the impact
of the other parameters. Leveraging a martingale difference structure, the asymptotic distribution of the
improved estimator is derived without the assumption of stationarity. The limiting distribution is not normal
in general, although it reduces to normal when the underlying process satisfies some mixing conditions.
lllustration with a transitivity model was carried out in both simulation and a real network data set.

Keywords: conditional independence, dynamic networks, maximum likelihood estimation, stylized features of network
data, transitivity

1 Introduction

Dynamic network modelling with dependent edges is practically important and relevant but tech-
nically challenging. It is natural that the sequence of edges observed over time between two nodes
will depend on the behavior of other edges in the network. This dependence represents known so-
cial phenomena such as reciprocity, transitivity, degree heterogeneity (popularity), which are
thought to govern the evolution of real-world networks in diverse applications. On the other
hand, dependent edges make the dynamic structures of network processes complex, and statistical
inference challenging—not only the computation but also the accompanying theory.

In the growing research area of dynamic network modelling, work continues in three interrelated
directions: model specification, computation, and theory. Our work contributes model specification,
computation, and substantial and highly non-trivial supporting theory. Specifically, we develop a
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class of dependent-edge autoregressive (dep. edge AR) models for network data observed in discrete
time. This class is amenable to theoretical analysis, with formal asymptotic analysis for the maximum
likelihood estimators. Our theoretical results in turn motivate a statistically and computationally ef-
ficient approach to parameter estimation, which we implement in an open-source software package.

We now briefly review some existing models for dynamic networks. We provide a more thorough
review in Section A (online supplementary material). Under our discrete-time view, we assume that
we observe time-indexed network snapshots at regular intervals, or can coerce relational event data
into network snapshots sampled at a constant time resolution. When relational event data with con-
tinuous time stamps are available, classes like stochastic actor-oriented models (SAOM) for edge for-
mation and dissolution events (Snijders, 2017), and relational event models (network-structured
multivariate point process models) for instantaneous relational events (Butts et al., 2023; Matias
et al., 2018; Perry & Wolfe, 2013) exist, and are well-developed, flexible, and computationally ro-
bust. The exponential random graph model (ERGM, Robins et al., 2007) has been extended to
the dynamic setting in seminal work on (separable) temporal ERGMs ((S)TERGM, Hanneke
et al., 2010; Krivitsky & Handcock, 2014). (S)TERGM:s, along with a related class of logistic net-
work regression models (LNR, Almquist & Butts, 2014) allow for flexible model specification
through parametric models which specify the transition distributions of network snapshots.
Previous works on AR network models instead specify transition distributions for individual edge
variables, assuming a form of edgewise dependence: the only dependence between snapshots is be-
tween edge variables with the same (unordered) indices {7, j} (Jiang et al., 2023, 2025). Finally, there
is a large body of work which extends existing network models like the stochastic block model (SBM)
and latent space model (LSM) to the dynamic setting based on a smooth or stochastically evolving
sequence of latent variables (Durante & Dunson, 2016; Gallagher et al., 2021; Matias & Miele,
2017; Pensky & Zhang, 2019; Sewell & Chen, 2015; Siiveges & Olhede, 2023; Zhang et al.,
2024). While latent variable models do induce edge dependence both over time and within each snap-
shot, this dependence is implicit and cannot be configured easily to accommodate stylized features of
real network data (e.g. transitivity).

Our new modelling framework directly extends the AR network models of Jiang et al. (2023,
2025). We specify the transition probabilities of forming a new edge or dissolving an existing
edge between each pair of nodes explicitly depending on its history, and on the histories of other
edge processes. This enlarged form of the transition probabilities makes the model flexible enough
to accommodate stylized features such as transitivity and degree heterogeneity. The resulting net-
work processes have dependent edges, which is radically different from previous AR network mod-
els. Nevertheless, based on a conditional independence assumption similar to Hanneke et al. (2010)
and Almquist and Butts (2014), we can build up a martingale difference structure which facilitates
asymptotic analysis for the maximum likelihood estimators (see Section 4). Additionally, we allow
the number of parameters in the model to diverge together with the network size to accommodate,
for example, heterogeneity in forming and dissolving edges modelled with node-specific parameters.
To the best of our knowledge, high-dimensional asymptotic analysis of this kind has not been done
for a discrete-time dynamic network model class as flexible as the one we specify in this work. We
visualize the relative scope of this advancement in Table 1, which is explained in full detail in Section
A (online supplementary material).

Table 1. Classification of marginal edge dependence structures in some existing static and dynamic network models
(see Section A of the online supplementary material).

Between snapshot Full dep. dep. edge AR, LNR (SSTERGM, SAOM
Local dep.
Edgewise dep. AR
Static/Full ind. ER LD-ERGM ERGM
Full ind. Local dep. Full dep.
Within snapshot

Note. Between snapshot dependence structures are contained in one another from low to high. Within snapshot
dependence structures are contained in one another from left to right. Our model class, ‘dep. edge AR’, can accommodate
dependence structures in the entire shaded region.
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Section 2 presents the general AR network framework with dependent edges. We also discuss
the relationship between the proposed AR models, and TERGMs in Section 2. Section 3 contains
three concrete AR models which are designed to model, respectively, degree heterogeneity, persist-
ence, and transitivity—those are among the stylized features often observed in real network data.
Section 4 presents the estimation procedures based on the maximum likelihood principle for the
parameters in the AR models and the associated asymptotic theory. In so doing, we introduce
the concepts of local parameters and global parameters, which need to be identified and estimated
separately and may also entertain different convergence rates. An improved estimator for each
component parameter is obtained by projecting the score function onto the corresponding direc-
tion, which mitigates the impact of the other parameters (Chang et al., 2021, 2023). The limiting
distribution of the improved estimator is derived without the assumption of stationarity. It is not
normal in general, but it reduces to normal when the underlying process satisfies some mixing con-
ditions which hold for many stationary processes. Numerical illustration with a real dynamic net-
work data set is reported in Section 5. An online supplementary material contains simulation
studies for the proposed transitivity model, additional real data results and all the technical proofs.

Notation. For any positive integer r, write [r] ={1, ..., 7} and R, ={(x1, ..., x,)":x; > 0 for
any i € [r]}. For any x, y € R, we write x V y = max (x, y). For two positive sequences {a,,} and
{b,}, we write a,, < b, if lim sup,,_, . a,/b, =0,and a, < b, iflim sup,,_, . a,/b, < . For any vec-
torb=(by, ..., b,)" € R, weletb_;denote the sub-vector of b by removing the /th component b,.
Given an index set M C [r], we let by, denote the sub-vector of b that consists of the components
of b with the indices in M. For any 71 X 7, real matrix B, denote by B its transpose. We use Ayin (B)
to denote the smallest eigenvalue of a square matrix B. For any countable set U, || denotes its
cardinality.

2 AR(m) network framework

2.1 Model

Consider a dynamic network process defined on p nodes denoted by 1, ..., p.Let X, = (X! ])pxp be
the adjacency matrix at time #, where X} ; = 1 denotes the existence of an edge between nodes i and j
at time ¢, and X}, = 0 otherwise. For 51mp11c1ty, we only consider undirected networks without
self-loops, i.e. Xt =0 and X}, = X’ ;. The main idea can be applied to directed networks.

Definition 1  (AR(m) networks). Conditionally on {X,}s,_1, the edges {X} }}, <;c;<, are mu-
tually independent with

S
Il

SEPX=1XG =0,X \Xffl, i for k>2)
=P(X,;=11X5" =0, X1\ X[;', Xoa, -0, X, (1)

ij

S EPX=01XG =1, X, 1\X,, , X, for k>2)

1]
=P, =0(X5 =L, X \ X5, Xeay oo Xe)y (2

l/’

where m > 1 is an integer.

An AR(m) network process defined above is a Markov chain with order 72. Based on (1) and (2),
it holds that for x € {0, 1},

PXE =% X1, - Xeom) = (1= 01,
where

+ X1 —aff =B = PXE = 11X, -y X, (3)

yll ’7 1]

ie. Xi/’ [ Xi1y vvny Xom ~ Bernoulli(yf;l), 1 <i<j<p. Clearly edges Xf’/, for different (i, j), are
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not necessarily independent of each other in practice. We may impose various forms for the con-
ditional probabilities af;l and ﬁf-;l to reflect different stylized features of network data that capture
such dependency. Put
t—1 t—1
ai,j = ﬂ,f(XZ—l \X;‘,]‘ b) Xt—z: DR Xt—m; 00)3
t—1 t—1
i =g j(Xi1 \Xi,,' > Xem25 ooy Xims 00), (4)

where f;’s and g;;’s are known functions, and 8, € ® c R? is a g-dimensional unknown true par-
ameter vector. For any 0 € @, write

a71(0) = fij(Xeet \ X5, Xicas -y Ximms 0),
B (0)

8ii(Xeet \ X5, Xosay ooy Xyoms 0).

L2

Then af;l = af-;l(ﬂo) and ,b’f;l = f-;l(ﬂo).

Modelling dynamic networks by Markov or/and AR models is not new. See, for example,
Snijders (2005), Ludkin et al. (2018), Yang et al. (2011), Yudovina et al. (2015), and Jiang
et al. (2023). However, most available Markov models are designed for Erdos-Renyi networks
with independent edges. Our setting provides a general framework to accommodate various de-
pendency structures across different edges. Some practical network models satisfying this general
framework are introduced in Section 3.

For the special AR(1) processes (i.e. m = 1), if both f;; and g;; in (4) are always positive and
smaller than 1 for all 1 <i<j<p, {X;},5 is an irreducible homogeneous Markov chain with
20P=1)/2 states. Therefore when p is fixed, (i) there exists a unique stationary distribution, and
(ii) if Xo is activated according to this stationary distribution, the process {X;};» is strictly station-
ary and ergodic. See Theorems 3.1, 3.3 and 4.1 in Chapter 3 of Brémaud (1998). Hence the degree
heterogeneity model introduced below in Section 3.1 and the transitivity model introduced in
Section 3.3 are strictly stationary for any fixed constant p if all the transition probability functions
af;l and ﬁf-;] are strictly between 0 and 1. It is worth pointing out that the ergodicity only holds for
any fixed constant p. Hence we cannot take for granted that the sample means of X; and/or its sum-
mary statistics converge when p diverges together with the sample size, even when X, is stationary.
This causes the major theoretical challenges. Note that stationarity is not an asymptotic property
while ergodicity is.

2.2 Relationship to TERGMs

Our model assumes that the edges are conditionally independent given their lagged values.
While general TERGMs can specify models with full within-snapshot dependence, a similar
conditional independence assumption is made by Hanneke et al. (2010), to ensure non-
degeneracy of the network transition distribution. Compared to this restricted class of
TERGMs studied by Hanneke et al. (2010), instead of requiring the transitions to follow
an exponential family distribution, we may flexibly define the probability for forming a
new edge in (1), and dissolving an existing edge in (2). Those two probability functions
can be in any desired forms as presented in (4), provided that their values lie between 0
and 1. See Section 3 for examples. The numerical analyses in Section 5 and Section C
(online supplementary material) indicate that the proposed AR models are capable of simu-
lating and reflecting some observed interesting dynamic network phenomena.

A TERGM (Hanneke et al., 2010; Krivitsky & Handcock, 2014) is specified by

P(Xt | Xt—ly e Xt—m; 0) X €xXp {g(a)TQ(th Xt—la e Xt—m)}»
where ¢ maps the underlying unknown parameters to a natural parameter, and ¢ maps the present

and past network configurations to a low-dimensional vector of sufficient statistics. Under the
additional assumption of conditional edge independence, ¢ will decompose into a sum over the

920z Idy 9z uo 1senb Aq 8609598/£906exb/asssil/£601 0L /10p/a[o1e-8oueApe/gsss.f/wod-dno-olwepese//:sdiy Wwoly pepeojumoq


https://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkag063#supplementary-data
https://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkag063#supplementary-data

J R Stat Soc Series B: Statistical Methodology, 2026, Vol. XX, No. XX 5
edges, and any TERGM can be expressed in our AR(m) framework as

exp {p(0) v j(X—1 \ X7, Xiay oy Xin)}

-1 L 2

o = R
o 1+exp {¢(0)Tu,-,,-(X,_1 \Xt'_'1 X2y ooy Ximm)}

L2

r—1 (0) _ exXp {W(a)Tvi,j(Xt—l \Xf;17 Xt—23 ey Xt—m)}
Y 1+exp {I/I(B)Tv,-’/-(Xt,l \)G_'1 X2y oovy Xomm)} ’

L2

(5)

where u;j(-) and v, j(-) have closed-form expressions depending on the sufficient statistics of the ori-
ginal TERGM. Notice that the possible forms of the transition probabilities in (5) are restricted:
one must take a linear combination of the natural parameter and sufficient statistics, and pass
through an inverse logistic link function.

If ¢(0) and w(0) in (5) are replaced by, respectively, ¢(6,) and y(6), where 8, and 6 are two sets
of different parameters, X, follows a STERGM with conditional independent edges given the past
networks (Krivitsky & Handcock, 2014). See Section B (online supplementary material) for de-
tailed discussion and derivations regarding the relationship of the proposed dependent-edge AR
models and TERGMs.

3 Some interesting AR network models

To illustrate the usefulness of the AR () framework proposed above, we state three AR (1) net-
work models which reflect various stylized features in real network data. In all three models, the
parameters {&}_; and {;}/_, reflect node heterogeneity in, respectively, forming a new edge and
dissolving an existing edge. Specifically, the larger &; is, the more likely node 7 will form new
edges with other nodes, and the larger 7; is, the more likely the existing edges between node i
and the others will be dissolved. Instances of these three models can be simulated using our de-
velopment R package arnetworks. Our package provides an implementation of our
maximum-likelihood-based parameter estimation and inference procedure for the transitivity
model (Section 3.3), as described in Section 4 and Section C (online supplementary material),
and a general method-of-moments-based estimation approach introduced in Section E (online
supplementary material), which can be applied to a broad class of dynamic network models, in-
cluding but not limited to the three models discussed below. More details are available at https:/
github.com/peterwmacd/arnetworks.

3.1 Degree heterogeneity model
For any 7 # j, let
‘95;1 =exp {ﬂODt__,-,l_,- +a; (Df.‘1 + Dti_l ),
wfjl =exp {bo(1 - Dt:l.’li,.) +b(2-D - Di'_l)},
with
1 1
Xidh Dit=2—3 ) X',
p € l#i

pt —-—_ -
—iy=j _ _
(p=2)p 3)k,2:k,£¢i,j,k#
where D!~! and D]t-‘1 are, respectively, the (normalized) degrees of node 7 and node j at time ¢ — 1,
and D’_‘i’l_]- is the (normalized) average degree excluding nodes i and j at time ¢ — 1. We specify the
transition probabilities as follows:

S
—1° ﬂi,,' (0)=

= r—1 - t—1 —1"
1+ .91-’7- + o 1+ 191-’,- +o;;

;' ()

(1)

This is an AR(1) model with parameter vector 0= (ao, a1, bo, b1,&1s <o $ps gy -5 11,)"
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€OC Rip 4 This model is able to capture a ‘rich get richer’ effect in network evolution, whereby no-
des with higher degree at time # — 1 are more likely to form new connections at time £, and vice versa. In
particular, the propensity to form a new edge between nodes i and j at time ¢ is positively impacted by
D*! s D !and D,’-‘1 , and the propensity to dissolve an existing edge between nodes i and j at time # is
negatively impacted by these three quantities.

Hanneke et al. (2010) proposed a TERGM including a density statistic (equivalent to network
average degree). In (1), we explicitly specify the impact from the previous snapshot’s average de-
gree on forming a new edge and dissolving an existing edge, while the model defined in Section 2.1
of Hanneke et al. (2010) depends on the current snapshot’s average degree, and does not differen-
tiate the representations for these two types of impact. Within the STERGM framework, the edge
counts model of Krivitsky and Handcock (2014) assumes that the collection of all newly formed
edges is conditionally independent of the collection of all newly dissolved edges given their history,
and the two conditional distributions are controlled by different parameters.

3.2 Persistence model
We define the transition probabilities

@' (0) =& exp -1 —a{(1 = X[77) + (1= X77)(1 = X[ 7)),
B10) = nayexp {—1 - b(X172 + X XT3}, 2)

This is an AR(3) model with parameter vector @ = (a, b, &1, ..., &y 115 -5 11,) €O C Ri’”z. The
probability to form a new edge between nodes i and j at time ¢ is reduced if Xf;z =0, and it is re-
duced further if, in addition, Xt‘3 = 0. The probability to dissolve an existing edge is reduced if
Xt‘ =1, and it is reduced further if, in addition, X7 3 = 1. Hence if the edge status between

two nodes is unchanged for 2 or 3 time periods, the probability for it remaining unchanged
next time is larger than that otherwise.

Model (2) defines an AR(3) network process X, = (X! )pxp with p(p — 1)/2 independent edge
processes. Although the conclusion on the AR(1) statlonarlty in the last paragraph of Section
2.1 does not apply directly, this AR(3) network process is also strictly stationary, which is implied
by the fact that {X!},5, is strictly stationary for each 1 <i<j < p. Formally, for given (i, j) such

i
that 1<i<j<p,let Y, =(Xt, X7, XI> 2) Then {Y,};»; is a homogeneous Markov chain with

1,72 1,
= 8 states. Let P denote thé trarllsmon probability matrix of {Y;}s;. Then P is a 8 x 8 matrix
w1th only 2 positive elements in each row and each column, provided that &&j, 7,1, € (0, e). It is
straightforward to check that each row or column of P* has only 4 positive elements, and, more
importantly, all the elements of P* is positive. Hence, the Markov chain {Y,}5; is 1rreduc1ble
By Theorems 3.1 and 3.3 in Chapter 3 of Brémaud (1998), the process {Y,},»1 is strictly stationary,
and so is {X] }.

Persistent connectivity or non-connectivity is widely observed in, for example, brain networks,
gene connections and social networks. A related TERGM including a stability statistic defined in
Hanneke et al. (2010), does not consider lags of order 2 and 3, and does not differentiate between
the propensity for retaining an existing edge and that for retaining a no-edge status.

3.3 Transitivity model

We propose an AR(1) model to reflect the feature of transitivity which refers to the phenomenon
that nodes are more likely to link if they share links in common (i.e. ‘the friend of my friend is also
my friend’). To this end, we specify the transition probabilities as follows:

&ijexp ((1Uf;1)

1+ exp (aU!) +exp (bVE)’
n;n; eXp (be,,_-l)

1+ exp (aUf;') +exp (bVE)’

af;l(ﬂ) =

—1 _
10) =
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2p+2
where = (a, b, &y, ..., &, 1y, ...,np)TE R, and

1
t—1 _ t—1yrt—1
W Tpo2 ik Xk
k: k#i,j

ey X X X + (- XX, “
[y

The pair (Uf]1, Vi; 1) characterizes the number of nodes with which both nodes i and j are con-
nected, and the number of nodes with which only one of 7 and j is connected at time ¢ — 1. The
larger Uf;l is (i.e. the more common friends i and j share at time # — 1), the more likely Xf,f =1.
The larger Vl-’,,‘-1 is, the more likely X} ; = 0. This reflects the transitivity of the networks. High levels
of transitivity are found in various networks including friendship networks, industrial supply-
chains, international trade flows, and alliances across firms and nations. Note that the quantity
Uf;l, used in Graham (2016) to define the edge status of Xf’/-, reflects the information based on
which companies such as Facebook and LinkedIn have recommended new links to their custom-
ers. Also see the TERGM including a transitivity statistic defined in Hanneke et al. (2010).

We may use different parameters g and b in defining a 1(0) and H (@) in (3). We do not pursue
this more general form as (i) using different &; and reﬂects already the differences in the propen-
sity between forming a new edge and dissolving an existing edge, and, perhaps more importantly,
(ii) since most practical networks are sparse, the effective sample size for estimating the transition
probability from the state of an existing edge is small Therefore estimating the parameters only
occurrlng in /)’ 0) will be harder than those in a” 1(#). Using the same a and b in both af;l(ﬂ)
and ﬁ‘ (0) 1mproves the estimation by pulling the information together. See also the relevant
simulation results in Section D.3 (online supplementary material).

4 Estimation

In this section, we present estimation procedures based on the maximum likelihood principle, and
show they are valid if the number of nodes p and the sample size 7 satisfy the restriction p < 7° for
some constant ¢ > 0, which allows the number of nodes p to either be fixed or diverge together
with 7. When p diverges with 7, both the ergodicity and the central limit theorem for stationary
Markov chains no longer apply even when X, is stationary (see the last paragraph in Section
2.1). This causes the major theoretical challenges faced here. Based on the conditional independ-
ence in our setting, we can construct an appropriate martingale difference sequence, which facil-
itates the required asymptotic analysis without the stationarity assumption, regardless of whether
p is fixed or diverges together with 7.

4.1 General approach

The natural units of observation in our model are the X ;, indicating presence or absence of an edge
between nodes i and j at time ¢. Intuitively, the extent to which these observations can contribute
useful information to the estimation of a given element of y depends in turn on the extent to which
that element plays a consistent role over time # in the corresponding probabilities
t—1 t—1 t—1 t—1 t—1
Vij (0)= % (0) + X,‘,,‘ {1- O (0) - ij (0)}.

By (3), we have yl/ = V;, 1(8y). We formalize the above intuition as follows.

Definition 2 (Global/local parameters). Write 8 = (61, ..., 6,)", where g > 1 is the total
number of parameters. Let

G={lelq] :yf;](ﬂ) involves 6, for all 1 <i<j <p and t € [1]\[m]}.

We call 8g and g, respectively, the global parameter vector and the local
parameter vector.
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In the degree heterogeneity model described in Section 3.1, the global parameter vector
takes the form 6g = (ay, a1, by, b1)". For the persistence and transitivity models introduced
in Sections 3.2 and 3.3, we have 0g=(a, b)". In these three models, the local parameters
are represented by Og = (&1, ..., &, 1y, -+, 7,)". Recall that m denotes the order of the AR
network process. We have m =1 for both the degree heterogeneity model and transitivity
model, and m = 3 for the persistence model. As we will discuss in Section 4.2, the global par-
ameter vector @y g and the local parameter vector 6y g need to be treated differently, which we
accomplish via partial likelihoods. The resulting estimators may also entertain different con-
vergence rates.

We develop the estimation theory for our models in three stages below. Sufficient conditions
for identification of @y are established with respect to an expected partlal log-likelihood
Z” »(0), defined in (1) below An initial estimator @ results from maximizing the corresponding
partlal log-likelihoods E,,p( 0) defined in (5) below, for each I € [q]. Finally, because of the po-
tential high-dimensionality of our models (number of local parameters increasing with num-
ber of nodes), these estimators suffer from slow rates of convergence. We offer estimators with
improved rate of convergence, derived as a refinement of the initial estimator via the notion of
projected score functions. To study the convergence properties of the proposed estimation

procedures, a key step is to investigate the convergence rate of supgeolf%(ﬁ) —Z(,,l]p(ﬂﬂ. As
standard techniques are not applicable due to the temporal dependence inherent in our
dependent-edge AR network models, we construct a martingale difference structure for the
network models and use such structure to address the theoretical challenge rigorously. See
Lemma 2 and its proof in the online supplementary material for further details.

4.2 ldentification of 6y
Let F, be the o-field generated by {Xy, ..., X,}. For any I € [q], define

Si={(i,j):1<i<j<pand yf-;l(ﬂ) involves 6, for any ¢ € [n]\[m]}.

If 0 is a global parameter, S;={(i, j): 1 <i<j < p}. For estimating 0, for [ € [g], put

(0 = ——— Er,.,{ log [ (O) (1 = 51 (0)) 4]}, (1)
P (n—m |31| l—zm-:kl z/XE:S, 7eatlos (07 " L
where Ex,_ (-) denotes the conditional expectation given F,_1 with the unknown true parameter

vector 0. For any ¢ € [n]\[m] and 1 <i<j < p, due to logx < x — 1 for any x > 0, we have

Er,., { log[(;" (0)} {1 - y,,, 1X’]}
—Er,, { log [y (00) {1 — '3 ( o)) ]}
S[EFH[ 0! (0>}Xf{ 1-y5h o }_
(51 (00)Y {1 —y,,( o'
e L=l
= 6] o (00)+—1 RIS {1-9"(60)} - 1=0,

which implies Eiql,)p(ﬂ) < zij}p(ao) for any @ € ©. Notice that

Er, { log [ (0 (1 =i (0))'~])
_[E]:f—l{log [{yl/ ( )} ”{1_]) (0 )}]7)(;”]} =0
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if and only if

DU OY{1 -y )
[ (00)Y 5 {1 = 151 (B0)) X

=1, (2)

where (2) is equivalent to le(ﬂ) = yf;l(ﬂo). Hence, for any 6 € © \ {6}, Eiﬁp(ﬂ) = zif]p(ao) if and
only if yf-;l(ﬂ) = yf;l(l?o) for any t € [#]\[m] and (i, j) € S;. To guarantee the identification of 6,
we impose the following regularity conditions.

Condition 1 (i) There exists some universal constant C; > 0 such that

i in infy710){1 —»51(0)) > Cy.
Join min i (01 —»;; (0)} > Cy

(i) Forany 1 <i<j < pandt € [n]\[m], yf;l(ﬂ) is thrice continuously differ-
entiable with respect to @ € @. Furthermore, there exists some universal con-
stant C, > 0 such that

dyi51(0)
max max su >
ol a6t

te[n|\[m] i,j: 1<i<j<p gc@

for any k € [3].

Condition 1 specifies conditions for the parameter space @. We assume C; is a universal con-
stant for simplifying the presentation. Our proposed methods also work when C; converges slow-
ly to zero as p — co. Recall that y7'(0)=al;'(0) + X};' (1 — o' (0) - 551(0)}. Due to
Xf;l € {0, 1}, Condition 1(i) holds if there exist four universal constants c1, c2, c3, c4 € (0, 1)
with ¢1 < ¢; and ¢3 < ¢4 such that

c<a;(0)<c; and 1-cy <p;'(O)<1-c3

forany 0 € O, t € [n]\[m] and 1 <i<j < p. Also, Condition 1(ii) holds provided that

d a7 (0)
06"

345 (0)

<C, and
2 00"

<C2

[se]

forany € O, ¢ € [n]\[m] and 1 < i< < p. Based on the explicit forms of onf-;l(ﬂ) and ﬁf;l(ﬂ) in
the specific models, we can identify the associated restrictions for the parameter space . See
Section G (online supplementary material) for further discussion on Condition 1.

For any 1 <i<j <p, we define

;= {l € [q] :yf;l(ﬂ) involves ; for any t € [n]\[m]}.

Condition 2 There exists a universal constant s > 1 such that maxi<jcj<p |Z;;] <'s.

Condition 2 requires that the dynamics of each edge process {X} },», be driven by a finite num-
ber of parameters. Hence, the number of global parameters is finite while the total number of
local parameters may diverge together with p. For the degree heterogeneity model introduced in
Section 3.1, we have 0z, = (a0, a1, bo, b1, &, &, 1, ;)" with s = 8. For both the persistence mod-
el and transitivity model introduced in Sections 3.2 and 3.3, we have 0z, = (a, b, &;, &, n;, 1;)"
with s = 6.
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Condition 3  There exists a universal constant C3 > 0 such that

1 " 9yi51(00) o715 (6o)

min j-min E =
ij: 1<i<j<p n—m = 00; 00}”

Ll

with probability approaching one when 7 — co.

Proposition 1 Let Conditions 1-3 hold, and C, =2(2C7% + C{3)C3 + 3(Cy! + C2)C3 +
C]] C, with (Cy,C;) specified in Condition 1. Assume
SUPgee |l — Oole <2C3/(Cis?). As n — oo, it holds with probability
approaching one that

C
W gy _ ol C B )
p(00) = £,,(0) > 1S/] (i;)e:é‘, 07, — Oo,7,,13

for any 6 € © and I € [q], where C > 0 is a universal constant.

The proof of Proposition 1 is given in Section H.1 (online supplementary material). Notice that
|S; N Sy =S| for any I' € G U {I}. By Proposition 1, it holds with probability approaching one
that for any 8 € ® and [ € [q],

C C{
00 = 8002 = 3 S 0= OsB=r S Y 10 =00
Wipes rez;, Hr=1 Gpesins
_ - 1S 0 Spll0y = o1
=C > 10 —060sP+C 5 (3)
regul} reg\{l} !

Hence, for any | € [q], the function Z%H defined as (1) is a good candidate for identifying 6 ; and the
global parameter vector fy,g but is powerless in identifying 6y y with I € G°\ {}}if |S; n S| < |S;]. In
the degree heterogeneity model, persistence model, and transitivity model introduced in Section 3,
given!/ € [g]land /' € G°\ {l}, we have (i) |S;NnSy|=1and |S)|=p - 1ifl € G5, and (ii) |S; N S| =
p—1and |S)|=p(p —1)/2if | € G, reaffirming that Zi,l’)p(-) is informative for the identification of 6y
and the global parameters, yet ineffective for identifying 6y, with I’ € G\ {l}. Therefore, for the three

models introduced in Section 3, we need to employ Ki,l’)p(-) to identify each 6y for I € [q].

4.3 Initial estimation for 8,

With available observations Xy, ..., X, since {X;},» is a Markov chain with order 7, the likeli-
hood function for 6, conditionally on Xy, ..., X,,, admits the form

n
En,p(Xfla ---9XWI+1 |Xma ---aX1§ 0)= l_[ Lt,p(XtIXt—la ~~-,Xt—m§0),

t=m+1

where Ly, (X¢ | Xi—1, ..., Xi—ms 0) is the transition probability of X, given X;_1, ..., X;—. By (3),
the (normalized) log-likelihood admits the form

2
(n—m)p(p—1)
2 n t :

= =T . 2 loe[b @Y1 o e,

(n—m)p(p=1) 2=, i 1<i<j<p

lOgEn,p(Xn, s X1 [ Xy +ov 5y X135 0)
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which is the sample version of 6(,,1’),,(0) defined as (1) with ] € G. As pointed out below (3), we should not
estimate the local parameters based on this full log-likelihood. Therefore, for each I € [q], we define

FALT) P ———— lo 1— =)' %], 5
0= mlsm_;u,;& g [0 01 (1 =55 (0))' ] (5)

which contains only the terms depending on 8; on the right-hand side of (4) (with a rescaled normalized
constant).

For any l e [g], Lemma 2 (online supplementary material) shows that En p(ﬁ) converges in prob-
ability to E »(0) defined as (1) uniformly over # € @. Together with Pro osmon 1, we can estimate
the global parameter vector 8 ¢ by maximizing the full log-likelihood il p( ) w1th some /' € G, and
estimate the local parameter 0y; with /€ G° by maximizing the corresponding (partial)
log-likelihood ¢ »(0). More speCIﬁcally, letting

o, o0y = AT
(G5 --o» Og)” = argmax e, 0, (0)

for each I € [g], we define the initial estimator 6 = (9;, F);c)T for 0y as
05=0))eg and g = (0)cq (6)

for some I' € G. Due to S§;={(i,f): 1 <i<j < p} for any | € G, we know ZA(,,ljp)(ﬂ) = f(,,lfp)(f)) for any

Iy, I, € G, which implies that the estimator 8 given in (6) does notﬂep&nd on the selectionof /' € G.
To investigate the theoretical properties of the estimator 8 = (6, )", we define

o _dloglmp) g log”” (np)
AN apr )
2o = q lOg (nsgc,min) 613/2 IOg / (nS?,min)

mg ,/ﬂSgc’min \/zsg°,min ’

where Sge min = minjege |Sj|. Theorem 1 shows that the convergence rate of the initial estimator for
the local parameters is slower than that of the global parameters if Sg: min < p*. The proof of
Theorem 1 is given in Section H.2 (online supplementary material).

Theorem 1  Let the conditions of Proposition 1 hold. Then 10 — 0061, = Op(cng) and
[0g — 0y,¢:1c0 = Op(Cnge)-

Remark 1 By Theorem 1, the initial estimator g for the global parameters is consistent
provided that

Jap n1/3p4/3}

7= mm{log (np)” Tog (np) |

and the initial estimator 8 for the local parameters is consistent provided that

nl/32/3
V ”Sgc,min a S(f min }

IOg (nSgc,min)’ lOg (nSg“,mm> ’

q < min{

For the degree heterogeneity model introduced in Section 3.1, we have g =
2p+4 and Sg min =p — 1. For both the persistence model and transitivity
model introduced in Sections 3.2 and 3.3, we have g=2p+2 and

920z Idy 9z uo 1senb Aq 8609598/£906exb/asssil/£601 0L /10p/a[o1e-8oueApe/gsss.f/wod-dno-olwepese//:sdiy Wwoly pepeojumoq


https://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkag063#supplementary-data
https://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkag063#supplementary-data

12 Chang et al.

Sg=,min =p — 1. Hence, for these three models, Theorem 1 gives the conver-
gence rates of 8 and O as follows:

3 log"” (np)  log™" (np)
|09_00,Q|2 = OP[ nl/A \4 (np)1/4 5

. p'*log'* (np)  p'*log’* (np)
10g — Oo,g:|oo = Op{ nl/A v nl/4 >

which implies the consistency of 8 provided that log p < #'/?, and the consist-
ency of B provided that p < n(logn)™>.

Remark 2 Motivated by (3), we can approximate fg well by solving an alternative opti-
mization problem involving |G| parameters, and each 6 for | € G° through a
univariate optimization. See Section C.1 (online supplementary material) for
a detailed discussion. Since each optimization is of finite dimension, standard
numerical methods such as the Newton-Raphson or a Quasi-Newton algo-
rithm can be efficiently applied. For each I € [g], evaluating ﬂ,l,)p(ﬂ) in (5), to-
gether with its gradient and Hessian, requires O(n|S,|) operations per
iteration. The subsequent step, i.e. solving a small linear system in Newton—
Raphson or updating the inverse-Hessian approximation in Quasi-Newton,
does not introduce any higher-order computational cost. Therefore, for the
three models introduced in Section 3, the per-iteration complexity is O(zp?)
for the global parameters and O(np) for each local parameter.

4.4 Improved estimation for 6,

Recall = (04, ..., 6;)". The initial estimator 0 specified in (6) suffers from slow convergence rates
due to the high dimensionality of 0. In this section, we improve the estimation for each component
6o, by projecting the score function onto certain direction. See (9) below for details. An improved
estimator for 6 is then obtained by solving the projected score function while letting 6_; = 8_,.
The projection mitigates the impact of #_; in the improved estimation for 6. This strategy was
initially proposed by Chang et al. (2021, 2023) for constructing the valid confidence regions of
some low-dimensional subvector of the whole parameters in high-dimensional models with re-
moving the impact of the high-dimensional nuisance parameters.
For (¢ug, cng) defined as (7), put

A, =max {|Gle, g, 1G°1 ¢ ¢ - (8)
For any ¢ € [n]\[m], | € [q] and 0 € O, we define
X - }’Zl(a) a)’f;l(g)

1
(I)
g ' (0)=—+ E - -
! ISl s, viy ({1 =y () 00

Then the score function can be written as

aéﬁffp(a) 1 )
= D &0

t=m+1

To estimate 6y, 0_; can be treated as a nuisance parameter vector. Following Chang et al. (2021,

2023), we project g\ (8) to form a new estimating function:

100 = pjg’ (),
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where @, is defined as

<t (9)

Loyawo),
n—m a0 v

t=m+1

¢;=argmin |u|; s.t.
ueR?

(o]

In the above expression, 7> 0 is a tuning parameter satisfying 7 S Al/? with A, defined as (8), 8 =
(0, ..., %)T is the initial estimator defined as (6), and ¢; is a g-dimensional vector with the /th com-

ponent being 1 and other components being 0. Then we can re-estimate 8y by 8 = (04, ..., éq)T, where
1 & ?

0, =arg min v ,0_ 10

j=arg min | > 10, 6.) (10)

t=m+1

for some 7 > 0 satisfying max {c, g, ¢, ¢} < 7 < 1.

To construct the convergence rate of | — 6|, we need the following regularity condition,
which is analogous to Condition 1 of Chang et al. (2021) and Condition 7 of Chang et al.
(2023). See the discussion there for the validity of such condition.

Condition4 For each/ € [q], there is a nonrandom vector ¢; € R? such that |¢;|; < C4 for
some universal constant C4 > 0, and maxey, |9, — ¢l; = Op(w,,) for some
w, — 0 satisfying w,(log g)'/* log (gn) = o(1).

Proposition 2 shows that  has faster convergence rate than the initial estimator 8 given in (6).
The proof of Proposition 2 is given in Section H.3 (online supplementary material).

Proposition 2 Let the conditions of Proposition 1 and Condition 4 hold. Then
|0 — 00| = Op(Ay), where A, is defined as (8).

Based on the obtained @, we consider the final estimate 8= (01, ..., @)T for Oy defined as
follows:
1 - 2
0y=arg min > e, o) (11)

0B, | — M

for some 7 > 0 satisfying gA, < 7 < 1 with A, defined as (8).

Remark 3 Given the initial estimate @, there are three tuning parameters (z, 7, #) for deriv-
ing our final estimate . For the degree heterogeneity model introduced in
Section 3.1, we have |G| =4 and |G°| =2p. For both the persistence model
and transitivity model introduced in Sections 3.2 and 3.3, we have |G| =2
and |G°| = 2p. Together with Remark 1, we have A, =#~1/2p52log*? (np)
for these three models. The improved estimation procedure thus
requires < V4p5 A logt (np),  nV4pV4log* (mp) < F< 1 and
w1272 log?* (np) < 7 < 1, which suggests p < 1n'/7(logn)™/". In practice,
for the three models introduced in Section 3, we compute the final estimate
with t proportional to 7= /4p5/*log** (np) and adopting reasonably large 7
and 7. Numerical experiments in Section 5 and Section C (online
supplementary material) validate the robustness of our proposed estimation
procedure regarding the selections of 7 and # as long as 8y falls within the de-
fined search range.

Remark 4 In terms of computational complexity, for each I € [g], ¢, in (9) is obtained by
solving a well-studied and efficiently solvable linear programming (LP) prob-
lem that involves computing a Hessian matrix. Recall that Condition 2 implies
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that the dynamics of each edge process {X} },»; depend on a finite number of
parameters. Evaluating each Hessian matrix within the LP thus requires
O(n|S)|) operations. Similar to Remark 2, we use the Newton-Raphson or
a Quasi-Newton algorithm to obtain & in (10) and @ in (11) with
O(nq|S,|) computations incurred per iteration for [ € [g]. Hence, for the three
models introduced in Section 3, each iteration has a computational cost of
O(np?) for each global parameter and O(np?) for each local parameter.
Compared with the detailed computational cost of the initial estimation for
these three models as reported in Remark 2, the additional factor of p for
both the global and local parameters arises from the extra projection oper-
ation required for £”(0) , which eventually leads to faster convergence rates
of 6 and substantlally 1mproved empirical performance. See Theorem 2,
Remark 6, and Section C.2 (online supplementary material) for further de-
tails. Importantly, the sequence of computations in (9), (10), and (11) can
be performed in parallel across I within each step to improve computational
efficiency. Further discussion on scalability is provided in Section G (online
supplementary material).

For any 8 € ® and | € [g], define

n

Call) = 3 Y Gl
O = = m)IS| o —y;ton " o0 |

t=m+1 (i,j)ES; yl,/

where ¢, is given in Condition 4. Under Conditions 1 and 4, we have |(,,;(0)| < C7'C3C, which
implies that, for any 8 € ©, {,(0) is a bounded random variable. To construct the asymptotic dis-

tribution of each 6 , we require the following condition.

Condition 5

Remark 5

For each [ € [q], there exists some random variable x; > 0 such that
{u1(60) — K in probability as 7 — co.

Foreachle|[g]and ¢t >m+ 1, let

112
e 1 Y 1 ol i (6o) '
181 1(00){1 — ' (60)} 00

z/ES,yll

As {£,.1(00)},15m+1 1s a bounded sequence of random variables for each I € [¢],
Condition § is mild and «; is a random variable in general. Generally speaking,

the asymptotic distribution of &, is a mixture of normal distributions. See
Theorem 2 below for details. However, if the long-run variance of
{vi~1Y,,.+1 satisfies the condition

<F DU ) = o(v/n), (12)
t=m+1

x; is reduced to a constant

k= lim [E<n p Z v )
n— oo

t=m+1

Then Theorem 2 implies that 8 is asymptotically normal distributed. When the
sequence {v/f},,,, is a-mixing with the mixing coefficients attaining certain con-
vergence rates, (12) holds automatically.
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Theorem 2 Let the conditions of Proposition 1 and Conditions 4 and 5 hold. For each
I € [q],if /n[ST max {gA3/?, g?A*} = o(1) with A, defined as (8), it then holds
that

VIS0 = 00)) — Jxi-Z

in distribution as # — oo, where Z is a standard normally distributed random
variable independent of x; specified in Condition 5.

The proof of Theorem 2 is given in Section H.4 (online supplementary material).

Remark 6 (i) Theorem 2 shows that, for the global parameter 6, with [ € g,

N 1
|6; = 00,11 = Oy (ﬁ)’

provided that

n1/10p1/5 nl/13p8/13

G175 log™ (np)” 161513 log™ " (np)”

1/10 ¢3/10 1/13 ¢6/13
n Sg,min n Sgc,min

G175 25 log™® (nSge min) G512/ 13 p#/13 1og”/ 1 (nSgc,mm)}’

q < min

and for the local parameter 6, with [ € G°,

A 1
or=001= Oy (S

provided that

§1/103/5 113 12/13
TSN GBIS log” (np)” 161721817 Log” ™ (np)”
nl/8p1/2 ”1/10525,1&“
|g|1/2|81|1/8 logl/2 (np) > |gC|6/5|Sl|1/5 1Og3/5 (nsgc,min) >
S,

- 9/13
IG<12/1318)12/13 1og™ " (nSge  min)

In particular, for the three models introduced in Section 3, the estimators sat-
isfy |0, — 0ol = Op(n~12p~1) for I € Gif p < n'/?3(logn)™/*, and 6, — Gl =
Op{(np)_”z} for I € G° if p < n'/(logn)™3"7. Compared with the results in
Theorem 1, the improved estimator  achieves a faster convergence rate than

the initial estimator 6.
(ii) For each [ € [q], write

P ol - Sy
W= G =S| o -y |7 oo

t=m+1 (i,/)€S;
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with ¢; defined as (9). Since {,,;(6) — £,,4(60) — 0 in probability as 7 — oo, by
Corollary 3.2 of Hall and Heyde (1980), it holds that

n|Sy| -
——(0— 60y;) — N(0, 1 13
B 0)( = 60,1) (0,1) (13)

in distribution as # — oo, provided that P(x; > 0) = 1. We can use (13) to con-
struct the confidence interval for each 6,.

5 Real data analysis: email interactions

We studied estimation and coverage properties in the transitivity model (3) and an extended ver-
sion of that model. See Sections C and D (online supplementary material) for a summary of results.
In this section, we apply the transitivity model (3) to a dynamic network dataset of email interac-
tions in a medium-sized Polish manufacturing company, from January to September 2010
(Michalski et al., 2011). We analyze a subset of the data among p = 106 of the most active partic-
ipants out of an original 167 employees. The organizational tree of direct reports in the company is
also available for these employees. Each of the # = 39 network snapshots corresponds to a non-
overlapping time window, with X} =1 if participants i and j exchanged at least one email in
week . Binarizing the communications at a weekly scale removes periodic effects and irregular be-
haviours which are present at higher frequencies.

In Section F.1 (online supplementary material), we inspect the stationarity of the network and
the effective sample size. Our preliminary plots of edge density and dynamic activity suggest a
change point in the network sequence, hence we fit our model separately to the first 13 and last
26 snapshots, referred to as ‘period 1’ and ‘period 2°. Overall, the proportion of non-edges that
form in the next snapshot is about 5%, while the proportion of existing edges which persist in
the next snapshot is about 55%, clear evidence of temporal edge dependence.

Basic summaries also identify empirical evidence for transitivity effects, demonstrated in
Figure 1. To construct these plots, we partition the edge variables as follows: for each integer
£ > 0, define

Ue={lij,1):1<i<j<p, te {1, xi;'=0, U'=¢/(p -2)},

Ve={(i,,0):1<i<j<p, te {1, Xi;'=1, Vil =¢/(p - 2)},
Uy ={(i,j, 1) €U, Xi; =1}, V) ={(i, 1) € Vi, X}; =0},

1’

(7]
[

n}

where Uf;l
S

U} |/|Ue| against £ for £ =0, 1, ..., showing that this frequency of grown edges tends to be higher

and Vf;.] are given in (4). The left panel of Figure 1 plots the relative frequency

Transitivity effects on grown edges Transitivity effects on dissolved edges
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Figure 1. Left panel: the plot of relative edge frequency |Z,{2 |/IU¢| against £, email interaction networks. Right panel:
the plot of relative non-edge frequency \V?\/WA against ¢, email interaction networks. In both panels, point size is
proportional to the log sample sizes log |U,| and log |V, | respectively.
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Figure 2. Scatter plots of estimates {5, 106 and {;7,}me for periods 1 and 2, email interaction data. Circles are sized and

coloured according to their level in the company organizational tree from 1 (no direct reports) to 5 (CEO). Level 1:
black, smallest; level 2: red; level 3: green; level 4: cyan; level 5: purple, largest.

for node pairs with more common neighbours in the previous snapshot. The right panel of Figure 1
analogously plots the relative frequency |V0|/|V,| against #, and shows a similar increasing rela-
tionship between disjoint neighbours and frequency of dissolved edges.

The presence of transitivity effects is confirmed by the fit of our model parameters, using the es-
timation algorithm described in Section C (online supplementary material). This algorithm applies
the estimation procedure introduced in Section 4 and is implemented in our development R pack-
age arnetworks. For period 1, we estimate the global parameters 4 = 13.64 and b = 9.51, sug-
gesting a tendency towards edge growth given more common neighbours, and edge dlssolutlon
given more distinct neighbours. We interpret the estlmates of the local parameters {gz,}t L and
{;1,}106 in the left panel of Figure 2. The estimates {f,}, 1 have mean 0.62 and skew towards the
right, implying node heterogeneity in the edge growth. Conversely, the estimates {7,};°f have
mean 0.80 and skew towards the left. There is a decreasing relationship between the paired param-
eters: employees who tend to grow new edges also tend to maintain existing edges. Finally, there is
an observed relationship between email behavior and company hlerarchy managers (non-leaf no-
des in the organizational tree) tend to have larger estimates {f,}, 16 compared to non-managers
(means 0.72 and 0.59 respectively), implying that managers are more likely to grow edges.
However, this increasing pattern does not continue at higher levels of the organizational tree.

The model fit to period 2 shows many of the same patterns. We estimate 4 =22.01 and b =
11.31 and summarize the estimates {&;};°; and {7,119 in the right panel of Figure 2. Relative to pe-
riod 1, the larger estimate of a implies a stronger transitivity effect in this time period. The esti-
mates {&}1% now have mean 0.52 and the estimates {#,}.°; have mean 0.84, to model overall
lower edge density than in period 1. The decreasing relationship between the paired parameters
is stronger, and the means of & for managers and non-managers are, respectively, 0.74 and
0.45. Along with the stronger transitivity effect, we interpret that the decreased edge density in
period 2 has led to a concentration of email activity among a smaller group of employees, many
of whom are managers.

We compare our model to some competing models from the literature in terms of Akaike and
Bayesian information criteria (AIC, BIC). To briefly describe these competitors: the ‘global AR
model’ and ‘edgewise AR model’ fit the model of Jiang et al. (2023), with two global switching
parameters or two parameters for each edge, respectively. The ‘edgewise mean model’ assumes
X, b Bernoulli(P;j) with no temporal dependence, and estimates the edge probability
{P;,,},’/:K] for each node pair by its relative frequency of having an edge in the observed network

920z Idy 9z uo 1senb Aq 8609598/£906exb/asssil/£601 0L /10p/a[o1e-8oueApe/gsss.f/wod-dno-olwepese//:sdiy Wwoly pepeojumoq


https://academic.oup.com/jrsssb/article-lookup/doi/10.1093/jrsssb/qkag063#supplementary-data

18 Chang et al.

Table 2. AIC and BIC performance for email interaction data, periods 1 and 2

Period 1 Period 2
Model AIC BIC AIC BIC
Transitivity AR model 33,462 35,412 53,221 55,327
Global AR model 36,309 36,327 58,267 58,287
Edgewise AR model 42,717 144,102 55,840 165,394
Edgewise mean model 33,248 83,941 47,133 101,910
Degree parameter mean model 41,730 42,695 68,969 70,013
ROC, Ngtep = 1 ROC, Ngiep =2 ROC, ngtep =3
2 8 2 & 2 &
s Transitivity model @ s @ e
~—— Global AR model
o —— Edgewise AR model o o |
° Degree mean model e °
—— Edgewise mean model
- | = Previous edge o | o
1‘0 0‘8 D‘G 0‘4 0‘2 O‘U 1‘0 0‘8 O‘S 0‘4 0‘2 0‘0 1‘.0 0‘.5 0‘.5 0‘.4 0‘.2 0‘.0
Specificity Specificity Specificity

Figure 3. ROC curves for link prediction performance, email interaction data.

snapshots; and the ‘degree parameter mean model’ assumes X} i "Bernoulli(v;v;) and estimates
the degree parameters {v;}.% by fitting 1-dimensional adjacency spectral embedding (Athreya
et al., 2018) to the mean adjacency matrix over the observed network snapshots. The edgewise
mean model has O(p?) parameters, while the degree parameter model has O(p) parameters, like
our AR network model with transitivity. All of these models can be directly compared using the
likelihoods under their respective AR network formulations, although only our AR network mod-
el with transitivity incorporates edge dependence, and the final two models do not incorporate any
temporal dependence. Results for both periods are reported in Table 2.

In both periods, our AR network model with transitivity is outperformed only by the edgewise
mean model in terms of AIC, and achieves the lowest BIC, as it uses fewer parameters. This reduc-
tion of the parameter space is important for modelling sparse dynamic network data: although there
is clear temporal edge dependence in this data, the edgewise mean model outperforms the edgewise
AR model, as there is low effective sample size to estimate the local edge dissolution parameters.

Finally, we compare the performances of those models in an edge forecasting task on the final 26
network snapshots (period 2). For 7,i, = 10, ..., 23, we train these models on the first 72,,;, snap-
shots of period 2, then forecast the state of each edge 7., steps forward, for 7y, =1, 2, 3. The
combined results are presented in Figure 3 as receiver operating characteristic (ROC) curves.
We also include a single point summarizing the performance of naively forecasting the state of
each edge by its state in the 7,j,th (last available observed) network snapshot (‘previous edge’).

For all choices of ey, the ROC curve for our AR network model with transitivity dominates or
is competitive with the global AR model, degree mean model, and the naive previous edge predic-
tion. However, the two highly parameterized edgewise models achieve better performance in
terms of area under the ROC, which suggests the presence of higher order structure in this network
that cannot be modeled with only two parameters per node. The edgewise mean and edgewise AR
models give very similar, but not identical edge predictions; due to network sparsity the edgewise
AR model has a low effective sample size to estimate the dissolution parameters, leading to slightly
worse forecasting performance.
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Last but not least, the analysis above is based on the combined information for each pair (4, j) in
each week into a simple binary X] ,, though the original data set contains more information includ-
ing the precise time stamp on each email exchange. While we did not make the full use of the avail-
able data, the information accumulation over one week makes data more stationary. See Figure S3
(online supplementary material) in comparison with Figure S2 in Section F.1 (online
supplementary material). Filtering out some irregular behaviours at higher frequencies also reveals
more clearly the transitivity patterns in this data set. See Figure S4 (online supplementary material)

in comparison with Figure 1.
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