
Applied Soft Computing 129 (2022) 109640

a

b

c

t
t
p
h
g
m
l
m
a
v
d
c

m
a
t

h
1

Contents lists available at ScienceDirect

Applied Soft Computing

journal homepage: www.elsevier.com/locate/asoc

Time series prediction via elastic net regularization integrating partial
autocorrelation
Yanya Xing a, Dongxi Li b,∗, Chenlong Li c
College of Economics and Management, Taiyuan University of Technology, Taiyuan, 030024, China
College of Data Science, Taiyuan University of Technology, Taiyuan, 030024, China
College of Mathematics, Taiyuan University of Technology, Taiyuan, 030024, China

a r t i c l e i n f o

Article history:
Received 2 December 2021
Received in revised form 3 September 2022
Accepted 8 September 2022
Available online 22 September 2022

Keywords:
Elastic net
Variable selection
Partial autocorrelation coefficient
Time series prediction

a b s t r a c t

In this paper, we propose a new elastic net regularization integrating partial autocorrelation coef-
ficients (AEN-PAC) model for time series prediction. This model solves the inaccuracy of variable
selection and parameter estimation caused by ignoring the dependence of time series in the adaptive
elastic net. The proposed AEN-PAC model adds the partial autocorrelation coefficient to the penalty
term of the adaptive elastic net, so that the influence of time on the data series can be well explained.
Further, we prove a theorem to demonstrate that our method encourages grouping effects. Then, we
convert the optimization problem of the proposed AEN-PAC model into an adaptive lasso model and
propose an effective algorithm to solve it. Finally, we conduct a simulation study and empirical analysis
on two time series sets. Simulation study shows that the proposed AEN-PAC model selects variable
more correctly, compared with other models including Adaptive Elastic Net(AEN), Adaptive Lasso(AL),
Elastic Net(EN), and Lasso. In addition, from the perspective of parameter estimation, the parameters
estimated by our new model are closer to the real model. For Alibaba stock data and Nike stock data,
the prediction errors are 7.07172 and 3.94916 respectively, which are smaller than other models. The
results indicating that the proposed AEN-PAC model performs better in time series prediction.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

Time series data is a series of numerical values distributed in
ime. Common time series data in life include stock price, adver-
isement data, temperature change, personal health data, etc. At
resent, with growing rapidly of the amount of time series data, it
as become a hot topic to analyze time series data efficiently and
enerate business value [1,2]. There are many time series analysis
ethods in the literature used for time series data prediction. A

arge part of these methods is based on the autoregressive AR(p)
odel and its variants [3–5]. The advantages of these models
re that they consider the characteristics of randomness, linear
olatility, and nonlinear volatility with time in the time series
ata. Consequently, they can intuitively describe the dynamic
hanges of time series data.
Generally, in the AR(p) model fitting, the conventional para-

eter estimation methods such as the least squares estimation
nd the maximum likelihood estimation have the disadvantage
hat the variables cannot be adaptively selected. To achieve the
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purpose of variable selection, the lasso method proposed by Tib-
shirani [6] is considered in the AR(p) model [7,8]. Specifically,
Wang, Li and Tsai [7] and Nardi and Rinaldo [8] conduct data
simulation and empirical research on the lasso method, and find
that the lasso method has certain applicability in parameter es-
timation and order selection of time series models. Lasso is easy
to delete features that have great influence on dependent vari-
ables, which affects the accuracy of variable selection [9–11].
Therefore researchers use the adaptive lasso methods [12], elastic
net [13,14] and adaptive elastic net [15] in the regression model
fitting to improve prediction accuracy and model interpretabil-
ity [12,14–20]. The elastic net method achieves the purpose of
ridge regression for the selection of important features, but it
gives the same penalty to different parameters, and the non-zero
parameters obtained in this way will have a large deviation [19].
The adaptive elastic net adds a small penalty to large parameters
and a large penalty to small parameters, which can reduce the
deviation of non-zero parameter estimates [15]. However, the
(adaptive) elastic net method does not take into account the
influence of the time in modeling the time sequence and leads
to an inaccuracy prediction for time series data.

In this paper, we propose a new elastic net regularization
integrating partial autocorrelation coefficients model (AEN-PAC)
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Fig. 3. Box plot of each parameter value for the AEN-PAC model (a), the AEN model (b), the AL model (c), the EN model (d) and the Lasso model (e) when the
xperiment was repeated 200 times.
.2. Alibaba stock data

To test the effectiveness of the proposed AEN-PAC model
n time series prediction, we performed experiment on Alibaba
tock data. We selects Alibaba’s daily closing price for a total of
259 days from December 19, 2014 to December 19, 2019 as
ample data. Since the training set and testing set are not directly
efined, we use the stock data of the last 30 days as the testing
et and the stock data of the previous 1170 days as the training
et.
We draw a time chart of the daily closing price of Alibaba from

ecember 19, 2014 to December 19, 2019 for a total of 1259 days
as shown in Fig. 4(a)). It can be seen that the observed value
eries shows a clear downward trend. For this observation series,
6

ADF unit root test method is used to perform stationarity test,
and P = 0.57566, which can be regarded as a non-stationary
series. Calculating the first-order difference of Alibaba stock data,
we obtain the observation data as shown in Fig. 4(b). It can be
seen that there is no obvious upward and downward trend in the
first-order difference. We use the ADF unit root test method to
test its stationarity. Its P = 2.23866e − 10, and the model order
is 17. Therefore, we will use the first-order difference of Alibaba’s
closing price to build the model.

Similarly to section 4.1, we first tuned the three hyper-para-
meters λ, α and η by 5-fold cross validation method. λ takes val-
ues from {0.02, 0.04, 0.06, 0.08, 0.10, 0.12, 0.14, 0.16} and α ∈
{0.2, 0.25, 0.5, 0.75, 0.8} and η ∈ {0.01, 0.05}. Fig. 5 shows that
the minimum of 5-fold cross validation MSE was obtained when
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Fig. 4. (a)Time chart of daily closing price of Alibaba stock and (b)the first difference of Alibaba stock data on daily closing price.
Fig. 5. The 5-fold cross validation MSE of the adaptive elastic net with partial autocorrelation coefficients for three parameters on Alibaba data.
Table 4
Results of variable selection and parameter estimation on Alibaba stock data.
Model Variable selection and parameter estimation

AEN-PAC yt = 0.028yt−1 − 0.037yt−2 − 0.043yt−3 + 0.056yt−4 − 0.079yt−5
(our model) +0.049yt−7 − 0.066yt−8 − 0.021yt−10 − 0.067yt−11 + 0.026yt−13

+0.040yt−14 + 0.064yt−16 + 0.083yt−17
AEN yt = −0.036yt−2 − 0.045yt−3 + 0.057yt−4 − 0.077yt−5 + 0.051yt−7

−0.065yt−8 − 0.068yt−11 + 0.027yt−13 + 0.040yt−14 + 0.062yt−16
+0.086yt−17

AL yt = −0.040yt−2 + 0.054yt−4 − 0.076yt−5 + 0.047yt−7 − 0.064yt−8
−0.066yt−11 + 0.045yt−14 + 0.060yt−16 + 0.086yt−17

EN yt = 0.021yt−1 − 0.010yt−2 − 0.002yt−3 + 0.018yt−4 − 0.045yt−5
+0.014yt−7 − 0.029yt−8 − 0.031yt−11 + 0.003yt−13 + 0.012yt−14
+0.031yt−16 + 0.056yt−17

Lasso yt = 0.014yt−1 − 0.003yt−2 + 0.010yt−4 − 0.038yt−5 + 0.007yt−7
−0.022yt−8 − 0.024yt−11 + 0.006yt−14 + 0.025yt−16 + 0.051yt−17
λ = 0.06 and α = 0.2. However, the least MSE of 7.6931 in
Fig. 5(a) is less than 7.6932 in Fig. 5(b). Therefor, we take λ =
.06, α = 0.2 and η = 0.01 in the experiment.
We use AEN-PAC, AEN, AL, EN and Lasso models to perform

ariable selection and parameter estimation on Alibaba stock
ata. The results obtained are shown in Table 4. It can be seen
rom the tables that the number of variables selected by the five
odels is 13, 11, 9, 12 and 10 respectively. Although we proposed
EN-PAC model selects more variables, according to simulation
7

studies, AEN, AL, EN and lasso models are easy to delete important
variables.

We respectively calculate the fitting error and prediction error
of the five models in Table 4 on Alibaba stock data, and the results
are shown in Table 5. The fitting error and prediction error of
AEN-PAC model are 7.11024 and 7.07172 respectively. It can be
clearly seen that the two errors of the AEN-PAC model are the
smallest. This shows that our model has advantages in variable
selection and parameter estimation of time series data. Therefore,
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Fig. 6. (a)Time chart of daily closing price of Nike stock and (b)the first difference of Nike stock data on daily closing price.
Fig. 7. The 5-fold cross validation MSE of the adaptive elastic net with partial autocorrelation coefficients for three parameters on Nike data.
Table 5
Results of error calculation.
Model Fitting errors Prediction errors

AEN-PAC(our model) 7.11024 7.07172
AEN 7.29708 7.25377
AL 7.31776 7.37908
EN 7.37329 7.39953
Lasso 7.41261 7.43351

using the AEN-PAC model to predict future timing value is more
accurate.

3.3. Nike stock data

We also do experiment with the closing price of Nike stock
rom January 1, 2015 to May 31, 2020. As in Section 3.2, we take
he data from the first 30 days as the testing set and the remain-
ng 1170 days as the training set. Fig. 6(a) is the daily closing
rice sequence chart and Fig. 6(b) is the first-order difference
equence diagram of daily closing price. The ADF root test of the
irst-order difference data shows that P = 9.607e − 27, and the
odel order is 8. Therefore, we use the first-order difference of

he daily closing price of Nike stock to establish the regression
odel.
Similarly to Sections 3.1 and 3.2, we tuned the three hyper-

arameters λ, α and η by 5-fold cross validation method before
onducting the contrast experiment. λ also takes values from
0.02, 0.04, 0.06, 0.08, 0.10, 0.12, 0.14, 0.16} and α ∈ {0.2, 0.25,
8

0.5, 0.75, 0.8} and η ∈ {0.01, 0.05}. Fig. 7 shows that the min-
imum of 5-fold cross validation MSE was obtained when η =
0.01, λ ∈ {0.06, 0.08} and α ∈ {0.2, 0.25}. Therefor, we take
α = 0.2 or 0.5, one value of {0.06, 0.08} for λ and η = 0.01
in the experiment.

We use AEN-PAC, AEN, AL, EN and Lasso models to select
variables and estimate parameters with the first-order difference
data of Nike stock. The results are shown in Tables 6 and 7. It
can be seen that the number of variables selected by the five
models are 7, 6, 4, 6 and 4 respectively. And the fitting error
and prediction error of AEN-PAC model are 1.48203 and 3.94916
respectively. So the new model proposed in this paper has the
smallest fitting error and prediction error. This once again shows
that using the AEN-PAC model to predict future timing value is
more accurate.

4. Conclusion

This paper proposes a novel algorithm: an adaptive elastic
net regularization integrating partial autocorrelation coefficients.
It solves the problems that the elastic net does not consider
the sensitivity to time sequence and ignores the importance of
lag order to model fitting when making time series prediction.
In addition, we also developed a fast solution algorithm, which
converts a complex elastic net model into an adaptive lasso model
and then solves it. Simulation study shows that the parameters
estimated by our new model are closer to the real model from the
perspective of parameter estimation. For Alibaba stock data and
Nike stock data, the prediction errors are 7.07172 and 3.94916
respectively, which are smaller than other models. The results



Y. Xing, D. Li and C. Li Applied Soft Computing 129 (2022) 109640

v
ℓ

s
d
l
E
e
t
v
a
L
m
t

C

L
C

D

c
t

D

A

F
s

Table 6
Results of variable selection and parameter estimation on Nike stock data.
Model Variable selection and parameter estimation

AEN-PAC yt = 0.039yt−2 + 0.017yt−3 − 0.097yt−4 + 0.038yt−5 − 0.066yt−6 + 0.106yt−7
(our model) −0.152yt−8
AEN yt = 0.038yt−2 − 0.097yt−4 + 0.039yt−5 − 0.066yt−6 + 0.105yt−7 − 0.152yt−8
AL yt = −0.083yt−4 − 0.057yt−6 + 0.098yt−7 − 0.145yt−8
EN yt = 0.005yt−2 − 0.057yt−4 + 0.004yt−5 − 0.036yt−6 + 0.071yt−7 − 0.114yt−8
Lasso yt = −0.043yt−4 − 0.025yt−6 + 0.059yt−7 − 0.101yt−8
Table 7
Results of error calculation.
Model Fitting errors Prediction errors

AEN-PAC(our model) 1.48203 3.94916
AEN 1.48247 4.08423
AL 1.48793 4.25075
EN 1.49505 4.26817
Lasso 1.50323 4.48233

indicating that the proposed AEN-PAC model performs better in
time series prediction.

In general, Lasso and AL model are easier to delete important
ariables than AEN-PAC model. This is because Lasso only adds
1-penalty term, which makes the coefficients of some features
maller, and even some coefficients with smaller absolute values
irectly become 0. Elastic net adds ℓ2-penalty term on the basis of
asso, so the deletion of important variables is avoided. However,
N and AEN do not consider the correlation of time series, so it is
asy to delete the lag order related to the current time. Therefore,
he AEN-PAC model we proposed has great advantages in the
ariable selection of time series data. Besides, the prediction
bility of AEN-PAC model is better than that of AEN, AL, EN and
asso models. Because the AEN-PAC model can guarantee the
inimum prediction error, which can make the investors avoid

he risk and has great commercial value.
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